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Abstract
In this dissertation a new approach of modelling contact interfaces with equivalent dis-
crete elements is presented. Various fastening techniques used for assembling structures
not only account for transfer of loads but also adds damping to the structure. With vast
usages of the jointed structures, the effect of contacts on the global dynamical behaviour
of an assembled structure is of prime interest. Assembled structures with contact inter-
faces show a non-linear behaviour, with a predominance of the local energy dissipation at
interfaces in comparison to the inherent material damping losses. With increasing com-
plexity of structures used in the industrial applications, a continuous demand of robust
and efficient numerical modelling exists for a better prediction of the system behaviour.
Hence, numerical models capable of predicting the dynamic behaviour to good accuracy
can be used as a replacement for expensive experimental investigations.
Various theoretical and empirical models have been successful in capturing the influence
of the non-linearity induced through the contact interfaces, but their implementation
for complex and large structures experience convergence difficulties with high compu-
tational time. To improve the computational cost, frequency domain description based
on family of Harmonic Balance Methods provide a good alternative, but they have been
restricted to cases involving periodic excitations. This thesis describes an equivalent local-
ized discrete contact model, which can predict the effects of contact non-linearity on the
dynamical behaviour of structure with considerable enhancements on the computational
time efficiency. The proposed notion is to use an explicit non-homogeneous description
to en-capture the global non-linear behaviour and a local linearized definition to retain
the advantages of a linear system.
The new approach used in modelling of contacts is based on the characterization of dis-
crete spring-damper system at the contact interface. A Damped-Pressure Dependent Joint
(D-PDJ) model is developed to obtain the required local contribution of the contact stiff-
nesses and damping. The normal and tangential contact stiffnesses are calculated from
the resulting contact pressure, based on a modified exponential pressure-penetration law
and Mindlin law respectively. The contact damping is defined through the use of the dis-
crete hysteretetic-structural damper elements at the contact interface. Based on numeri-
cal investigation for a beam fastened with a bolted joint, regions of stick, micro-slip and
slide are defined. The numerical investigations show that the maximum dissipation is ob-
tained in the micro-slip region. A Rayleigh probability distribution function based on the
vii
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contact pressure is chosen for describing the contact damping distribution over the inter-
face, with parameters governing the position of the maximum damping and magnitude
of damping.
Quantitative experimental validations of the proposed D-PDJ model are done for a set
of test structures. The first test structure is a double layered beam (made of stainless
steel) fastened with four M6 bolted joints. The double layered beam structure is used
to study the influence of operational factors such as bolting torque and excitation ampli-
tude. Later, a copper-prepreg-copper plate is fastened between the beams to study the
influence of contact pair of different materials. All investigations have shown good cor-
relation between the experiment and simulation results for test structure experiencing
moderate non-linearity (bolting torque 3 Nm and 5 Nm) in comparison to strong non-
linearity (bolting torque 1 Nm). The second test structure is a set of prototype structures
to resemble a large and complex structure like Electronic Control Unit (ECU). The first
prototype structure is a system resembling an Engine ECU, having large contact area
with localized pressure distribution near the bolt region. The Experimental Modal Anal-
ysis (EMA) results when compared to D-PDJ model showed good correlation till 2 kHz,
with the results of the modal damping highly appreciable. Also, the result’s accuracy and
computational time efficiency have proved to be significantly better than the conven-
tional methods. The second prototype structure is a system resembling an Airbag ECU.
The second prototype structure verifies the use of model having combination of material
and contact non-linearities. The comparison for the transmissibility results showed good
match between the experiment and D-PDJ simulation, for base excitation setup of the
prototype structure.
The proposed D-PDJ model has shown good match with various sets of experimental
results and is concluded to have the capability of describing the dynamical behaviour
of the assembled structures with moderate non-linearity. Also, the significant reduction
in computational time motivates its usage for the complex and large structures used in
industrial application.
Zusammenfassung
In dieser Dissertation wird ein neuer Modellierungsansatz für Kontaktverbindungen mit
äquivalenten diskreten Elementen vorgestellt. Verschiedene Fügetechniken übertragen
nicht nur die Lasten in einer Struktur sondern bringen auch eine Dämpfung ein. Wegen
der breiten Verwendung von geschraubten Verbindungen, hat der Einfluss von Kontak-
ten auf das dynamische Verhalten grösste Bedeutung. Zusammengefügte Strukturen mit
Kontaktstellen zeigen ein nichtlineares Verhalten. Dominant ist dabei die lokale Ener-
giedissipation, im Gegensatz zu den inneren Verlusten durch die Materialdämpfung. Bei
steigender Rechenleistung und Verwendung von komplexeren Strukturen in der industri-
ellen Anwendung, gibt es einen grossen Bedarf an robuster und effizienter numerischer
Modellierung. Ziele sind eine bessere Prognose des Systemverhaltens und teure Experi-
mente zu ersetzen.
Zahlreiche analytische und empirische Modelle wurden erfolgreich für die Bestimmung
der Nichtlinearitäten auf Grund der Kontakte entwickelt. Aber die Implementierung von
komplexen, realen Anwendungen verursachen Schwierigkeiten bei der Konvergenz und
der Rechenzeit. Wenn man die Rechenzeit reduzieren möchte und deshalb versucht, die
Berechnung auf Basis der harmonischen Balance Methoden im Frequenzbereich zu for-
mulieren, so ist diese auf eine periodische Anregung beschränkt. Diese Dissertation be-
schreibt ein vergleichbares lokales diskretes Kontaktmodell von Schraubverbindungen,
welches die Effekte der Kontakt- oder Grenzflächen-Nichtlinearität auf das dynamische
Verhalten vorhersagt bei gleichzeitiger effizienter Berechnung hinsichtlich der Rechen-
zeit. Diese Idee wird durch eine explizite und inhomogene Beschreibung begründet, um
das gänzlich nichtlinearen Verhalten zu erfassen. Gleichzeitig aber wird lokal eine Linea-
risierung behalten.
Die Neuheit des Kontaktmodellierungsansatzes basiert auf der Charakterisierung von
diskreten Feder-Dämpfer-Elementen an den Kontaktstellen. Es wurde eine gedämpfte,
druckabhängige Kontaktverbindung (Damped-Pressure Dependent Joint D-PDJ) entwi-
ckelt, um den erforderlichen Beitrag der Kontaktsteifigkeit und -dämpfung zu erhalten.
Die Normal- und Kontaktsteifigkeit werden aus dem resultierenden Kontaktdruck berech-
net, welcher auf einer exponentiellen Druck-Durchdringungs-Abhängigkeit basiert. Die
Definition der Kontaktdämpfung geht aus der Hysterese von diskreten Struktur-Dämpfungs-
Elementen am Kontaktbereich hervor. Eine verallgemeinerte Schraubverbindung weist
Bereiche von Haftreibung, Mikroschlupf und Gleitreibung auf, wobei die maximale Ener-
giedissipation im Mikroschlupfbereich stattfindet. Es wird eine Rayleighverteilungsfunk-
ix
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tion verwendet, um die lokale Kontaktdämpfungan der Grenzschicht zu beschreiben. Der
Parameter, welcher die Stelle der maximalen Dämpfung bestimmt, folgt aus dem vorher
berechneten Kontaktdruck.
Das vorgestellte D-PDJ-Modell wurde mit einer Reihe von Teststrukturen experimentell
validiert. Die erste Teststruktur ist ein Doppelbalken aus rostfreiem Stahl mit vier M6-
Schraubverbindungen zur Analyse von realen Einflussparametern wie dem Drehmoment
oder der Anregungsamplitude. Eine Kupfer-Prepreg-Kupfer-Platte wird zwischen zwei
Balken geschraubt, um den Einfluss der Kontaktpaarungen von verschiedenen Materia-
lien zu untersuchen. Alle Untersuchungen zeigen eine gute Übereinstimmung zwischen
dem Experiment und der Simulation bei einer moderaten Nichtlinearität (Drehsmoment
von 3 Nm und 5 Nm) im Vergleich bei einer starken Nichtlinearität (Drehsmoment von
1 Nm). Die zweite Teststruktur ist eine vereinfachte Bauweise eines elektronischen Steu-
ergerätes mit grosser Kontaktfläche zwischen den Materialpaarungen. Die erste unter-
suchte Teststruktur ähnelt einem Motorsteuergerät mit grossen Kontaktflächen mit einer
lokalen Druckverteilung in der Nähe der Schraube. Die experimentellen Ergebnisse im
Vergleich mit dem D-PDJ-Modell zeigen sehr gute Übereinstimmung bis 2 kHz, ebenso die
modalen Dämpfungen. Die Genauigkeit der Ergebnisse und die effiziente Rechenzeit sind
nachweislich besser als bei kommerziellen Softwareanbieter. Die zweite Teststruktur, wel-
che einem Airbag-Steuergerät ähnelt, wird verwendet, um Materialkombinationen und
Kontakt-Nichtlinearitäten zu überprüfen. Die Ergebnisse der D-PDJ-Simulation zeigen ei-
ne gute Übereinstimmung der Übertragungsfunktion zu den im Experiment angeregten
Strukturen.
Das vorgestellte D-PDJ-Modell zeigte eine gute Übereinstimmung zwischen verschiede-
nen experimentellen Ergebnissen und hat folglich auch die Fähigkeit, das dynamische
Verhalten von schwach-nichtlinearen Strukturen beschreiben zu können. Ferner begüns-
tigt die signifikante Reduktion der Berechnungszeit die Anwendbarkeit auf komplexere
und grössere Strukturen der industriellen Anwendung.
Chapter 1
Introduction
1.1 Motivation
With the advent of smart control systems through the electronic circuits, the various
operations of an auto-mobile are governed through different Electronic Control Units
(ECU). Some of the examples are: Engine ECU controls the operations of an engine
like throttle control, ignition, triggering etc., Airbag ECU’s detect the crash situation and
deploys the Airbag for passenger safety, ESP controls the stability of the vehicle on curved
roads. It is imperative that the different sensors placed in the ECU function according
to the requirements in the field conditions. For example, the Engine ECU is exposed
continuously to excitations from the road conditions and the vibrations of the engine
assemblies. Due to these excitations, complete ECU experiences dynamic loads, resulting
in the excitation of the structural modes of the electronic components. This might result
in higher amplitudes of vibration of the corresponding electronic components, which for
a long duration of excitation results in the fatigue failure of the components .
To ensure the proper functionality of the ECU modules, tests are performed both in the
field and equivalent laboratory conditions. This is required before release of any ECU
for series production. The experimental methods account for high costs with large time
involved. Also, it is a cumbersome process to perform tests for each of the modification
done in the system. On contrary, the mass production does raise the question of how
many test are sufficient to ensure no functional failure. An alternative to performing
many experiments is the use of the simulation models to predict the dynamic behaviour
of the systems.
The simulation models are not only capable of predicting the system behaviour in short
duration of time but also provide important information, which is not possible to be
measured. The simulation can further be used for studying the changes in the system be-
haviour for any change in both external and internal factors like temperature, excitation
type, humidity and type of material, dimensions respectively. However, first a mathe-
matical model describing the correct physics of the system is required and later its im-
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Figure 1.1: Use of the simulation models for predicting the dynamic behaviour
of structure to be used in making fatigue calculations and investigation if the
system response is with-in allowable limits.
plementation to give sensible and accurate results. Among different applications, some
of the conventional use of the dynamic simulation models is the prediction of fatigue
life of the electronic components mounted in the ECU. If the simulation do not predict
the correct resonance frequencies and the peak amplitudes of vibration in comparison
to the experimental behaviour, the fatigue damage estimation based on the S-N curve
could suggest that the simulation shows no failure but in reality it has risk of failure.
Other application is to test whether the response spectrum on the sensors lies within the
all allowable threshold limits. In this case too, if simulation predicts non-accurate reso-
nance frequencies and damping, the estimations based on the simulation results are not
reliable. These two examples have been shown in figure 1.1.
The simulation models are hence required to be reliable to make good predictions of
the dynamic behaviour of structure. For the vibrational behaviour of systems, required is
the correct estimations of the resonance frequencies and amplitude of oscillation. Among
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different influencing factors on the dynamic behaviour, one of the most influencing factor
of assembled structure like ECU is the non-linear effects induced through the contact
interfaces. If the correct material properties and proper contact modelling approach is
used, an accurate prediction of the resonance frequency and damping of the system can
be obtained. This can enhance the prediction quality of the for fatigue life estimation
too. This thesis presents an efficient contact modelling approach that can be utilized for
the large system like ECU and have a good prediction of the dynamic behaviour.
1.2 Literature Survey
History of Friction. The earliest work of DA VINCI (1519) is attributed as the first work
introducing the concept of friction. He showcased experimentally different kinds of fric-
tion like the sliding friction, rolling friction etc. His main observations were that the
contact area has no influence on the frictional forces and there exists a linear propor-
tionality between the loading and friction force. However, the first published results for
friction theory come from findings of AMONTONS (1699), who essentially rediscovered
the findings of the DA VINCI. AMONTONS idea of friction is based on the deformation of
asperities under external loading. One of the most important contribution in describing
the phenomenon of adhesion is attributed to the work of DESAGULIER (1724). Adhesion
was explained based on an experiment performed with two lead balls, wherein the two
lead balls were first loaded towards each other and then loaded in opposite directions to
separate them. COULOMB (1781) provided the idea of modelling the surface roughness
as the profile of wedges, such that the friction is defined as the work done in sliding over
inclined wedge surface. Using this principle, the first tribometer to measure the coeffi-
cient of friction was designed. He studied the main influencing factors on the friction
like - the material pairing, actual contact area, contact force etc. under different settings
of temperature, humidity and vacuum conditions. His initial observation converged with
AMONTONS findings that the friction is almost linear dependent on the loading and in-
dependent of the apparent contact area. He also established that the dynamic friction
in general is smaller than the static friction, but for metals the difference is negligible.
Coulomb model did not include the concept of frictional dissipation, as the concept of
dissipation was unknown by that time in the scientific community. RENNIE (1829) fur-
ther validated Coulomb’s observations with other experimental set-up. He observed few
more interesting things like the predominant influence of contact pairing materials on
the coefficient of friction and the reduction in the friction with increasing duration of
machine in-operation. STRIBECK (1902) further extended the COULOMB model for de-
scribing the lubricated contact and including the influence of viscous effects or the effect
of the velocity on the friction. There are many studies made in the field of friction, but the
Coulomb model still remains one of the most used and simplified ways of the modelling
the frictional behaviour of bodies in contact.
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Analytical Contact Models. HERTZ (1881) was one of the first among to provide ana-
lytical description for the contact between continuous non-conforming surfaces of solid
bodies. The Hertzian theory comprises of formulations to determine the deformation
of mating surfaces, contact pressure over contact interfaces, stresses in the body, con-
tact area etc., under the external normal loading. However, the formulations were de-
rived with few assumptions like only small strains are possible, the contacting surface are
frictionless, the bodies in contact are isotropic and the contact area radius is negligibly
smaller in comparison to the elastic bodies curvature radius. The constitutive formu-
lations derived based on Hertzian theory gave foundation for many succeeding contact
models developed later by other authors.
The successive model based on Hertzian theory started with relaxing the assumption
taken by Hertz model and deriving more generalized formulations. SNEDDON (1968) re-
formulated the constitutive relations with relaxing the assumption of smaller contact ra-
dius in comparison to the curvature radius of contact surfaces. SPENCE (1968) extended
the Hertz model for fully adhered contact and hence relaxing the assumption of friction-
less condition. WILLS (1966) [120] used the numerical contour integration based on the
fourier transformation to determine the dimensions of the contact area. The formula-
tion extended the Hertzian theory for contact between anisotropic bodies. Later TURNER
(1979) [113] also presented the formulations for transverse isotropic contact bodies,
with formulation having similar representation as used for the isotropic hertzian con-
tact. SWANSON [110] presented a general procedure to calculate stresses for orthotropic
materials in contact. He combined methods of WILLS (1966) and PAGANO (1970) to cal-
culate the contact size and aspect ratio for transverse loading of laminated orthotropic
materials.
Further scope of extensive study on normal contact model was followed with studying
and formulating the influence of the surface roughness on the constitutive relations. The
Hertzain theory is capable of calculating of contact area at different contact spots, but it
depends on the radius of asperity, which is unknown [43]. Hence, the relation between
the contact area and loading is not possible for large surface possessing roughness. The
contact between two bodies occurs at different peaks of the roughness. HOLM and BOW-
DEN AND TABOR explained that although the overall stresses are in the elastic range, there
exists plastic deformation at the contact spots. Also, each contact spot can be visualized
as a small hardness indentation [43]. Hence, the mean contact pressure can be taken
as the hardness of contacting material and there exists no dependence on the loading
and contact geometry. ARCHARD (1957) opposed the argument by stating that the as-
perities can deform plastically for initial loadings traversals but over long duration they
would reach to a steady state behaviour and hence lead to elastic behaviour. BOWDEN
AND TABOR used the term asperity, where as ARCHARD description of a local roughness
was based on the concept of protuberance on protuberance on protuberance. ARCHARD
explained the two ideas of influence of loading on contact area i.e. increase in the loading
leads to formation of new contact areas or increase in the size of the present contact area.
For cases where the number of contact areas remains constant, there exists a non-linear
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relation between the loading and contact area. For increase in number of contacts with
no relative increase in average contact size, there exists a linear relation between the
loading and the contact area.
GREENWOOD AND WILLIAMSON (1966) model is one of the most important work in devel-
oping constitutive relations for the normal contacts with inclusion of surface roughness
effects. It was clear by then that for very rough surfaces the contact behaviour will be
plastic and for smooth surfaces the contact behaviour will be elastic. GREENWOOD AND
WILLIAMSON (1966) presented their first work in modelling the nominally flat surfaces in
contact. The idea was to characterize the roughness as a probability distribution function
to have a statistical estimation for number of asperities and number of asperities in con-
tact. Initially a Gaussian distribution was chosen to characterize the surface roughness,
which was later updated with easy choices of exponential distribution [44] to yield an
closed form analytical solutions. CHANG ET.AL [21] later provided the solution for the
GREENWOOD AND WILLIAMSON model for the elastic-plastic deformation, with the old
approximation of the Gaussian distribution of surface roughness.
Primitive studies on the frictional behaviour of bodies in contact ideally constitute to the
tangential contact models. The analytical model for the tangential contacts as an exten-
sion to Hertzian theory of curved bodies was presented by CATTENO (1938) and MINDLIN
(1949). Although the authors had worked independently but they proposed similar re-
sults. The model defined a constitutive relation to determine the tangential stresses for
the bodies in contact under quasi-static loading. The most important outcome of the CAT-
TENO (1938) and MINDLIN (1949) models is the definition and inclusion of the partial
slip phenomenon in the constitutive formulations. When two non-conforming bodies are
in contact and a tangential load is applied, there will be regions in the contact area which
are sliding and regions which are not sliding. This state is defined as the partial slip state.
Later, MINDLIN (1951) extended the model for oscillating loading and presented the hys-
teresis behaviour between the tangential forces and the relative motion. The dissipative
work associated with hysteresis of partial slip was presented, whose formulations were
different for loading and reloading stages. COURTNEY-PRATT AND EISNER (1957) studied
the effect of tangential loading on metallic bodies in contact and associated the partial
slip behaviour under a periodic loading as a reason to the fretting corrosion phenomenon.
The dynamic modelling of frictional contact constitute to study of the frictional behaviour
with respect to macroscopic time variants like velocity. The most common application of
dynamic friction modelling of rigid bodies is found in control systems. AMONTONS or
COULOMB model’s description of friction phenomenon is characterized by discontinuity
at transition from stick to sliding state. For the continuity of the friction behaviour, it
is characterized by a pre-sliding state, which exists before the complete sliding. DAHL
(1968) described the pre-sliding behaviour as a smooth transition from stick to sliding
state. The frictional contact is idealized as a mechanical bond, which breaks for the
tangential forces exceeding the bond breaking limit. DAHL made the analogy of frictional
behaviour with structural mechanics behaviour of ductile material, wherein the yield
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point refers to the transition point of stick to slide state. The contact between two surfaces
was characterized as a brush, wherein each bristle associates to the individual asperity
contact. Hence, the modelling is defined as frictional model based on both macroscopic
and microscopic variables, where the macroscopic variable is the gross movement of
brush and the microscopic variable is the movement of each bristle.
Extension to DAHL model was first presented by CANUDAS DE WIT ET AL. (1995) [32]
referred as LuGre model. The Dahl model was suitable for only dry frictional contacts,
while it is also known from Stribeck effect that the friction effects reduce with increase
in velocity under certain regimes. The LuGre model brings in the viscous effects in the
constitutive formulation to capture the Stribeck effect. The LuGre model replaced the
velocity independent friction force used in Dahl model with velocity dependent function.
Also, two other terms associated with macroscopic displacement and macroscopic ve-
locity were included in the formulation. The model finds its application for lubricated
contact interfaces, wherein the parameters used in the model are obtained from experi-
ments. Extension to LuGre model was presented by SWEVERS ET AL. (2000) [111] and
is often referred as Leuven model. The motivation was to include the missing pre-sliding
behaviour with reversal point memory in LuGre model. The Lueven model is also re-
ferred as an integrated friction model, as it comprises of two equations i.e. friction force
equation and the state variable equation. Although this model was a representation near
reality, it had difficulties in numerical implementation. The two most known disadvan-
tages were discontinuity in friction force at the closing of hysteresis loop and the stack
overflow. A modified Leuven model was presented by LAMPAERT ET.AL (2002) [59] to
resolve the mentioned disadvantages, with reformulation of present form and use of
discrete elements to model elasto-plastic behaviour. The discrete modelling was the mo-
tivation from the conventional discrete Maxwell-slip model. BOUC-WEN model is another
improved model, where BOUC presented the hysteresis behaviour for quasi-static load-
ing and WEN presented the evolution equation involving the state variables. Another
more generalized form was presented by DUHEM, wherein using maximum number of
parameters, all above discussed models can be described with a single formulation.
Experimental Observations. Most of the historical work in frictional contact was stud-
ied through experimental investigations, based on which the formulations describing fric-
tion phenomenon were developed. Experimental investigations to understand the con-
tact dissipation phenomenon under dynamic excitations were started in 1950’s. GOOD-
MAN AND KLUMPP (1956) presented the first detailed work to study the effect of the joints
on the dynamics of structure, like Turbines. The turbines have high stresses at resonance,
which lead to fatigue damage. GOODMAN AND KLUMPP (1956) proposed the use of joints,
such that the addition of damping from the joints leads to reduction of stresses. The im-
portant finding of their study was that at some optimum pressure (not high and not low),
a high amount of damping from joints can be achieved. Hence, an efficient design of joints
with an optimum pressure adds maximum damping to the structure, thus lowering the
stress and improving the fatigue life of structure. The other important observation was
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that the dissipation through the inherent properties of material is less than the dissipation
associated with the joints. They also established that the friction coefficient is velocity
dependent and can vary in small values for increased number of cyclic loading, which
was against the findings of the Coulomb model. However, till date engineers like to keep
frictional coefficient constant for most of applications to avoid complexity. GOODMAN
(1959) extended the observations from experiment to establish a power law between
the input force and the energy dissipated per cycle. For the Coulomb friction, the expo-
nent of power law was found to be 3. This was later reconfirmed based on experimental
investigation of a lap-joint under uniform clamping pressure by METHERELL AND DILLER
(1968). LAZAN AND GOODMAN (1961) performed experiments to distinguish between the
dissipation associated with only material characteristics and dissipation associated with
the joints. While the dissipation associated with material deformation is characterized
by the plasticity phenomenon, the dissipation associated with joints were characterized
by friction phenomenon.
UNGAR (1973) performed experiments to define the dissipation in structural members as
structural damping, wherein the dissipation is caused due to the friction between differ-
ent planes of the structural material. A detailed experimental study was performed to
show the effects of the type and orientation of loading on the contact dissipation. Im-
portant observation was that the dissipation for the dry contact is due to the micro-slip
behaviour and the dissipation for the lubricated contacts is predominantly due to the
viscous effects. ROGERS AND BOOTHROYD (1975) presented one of the most important
observation for the dry contacts i.e. the frictional joint damping is independent of the
frequency of excitation. They performed experiments and fitted the measured hysteresis
curve with discrete model based on MASING (1923) model. Further experimental inves-
tigations which are often cited by authors relates to work done by BEARDS (1975). He
performed a series of experiments to show that the predominance of the damping is due
to the joint damping, in comparison to the material damping. Also, quantitative study
was performed to observe the influence of the contact pressure on the damping. The
observations reconfirmed the results of GOODMAN, that the maximum dissipation occurs
at some optimum pressure, which is in between the high and low clamping pressure.
OTTL ET.AL (1979) performed experiments on Butt-strap joint of connecting Aluminium
plates using a bolt connection. Two sets of experiments were performed to excite the Butt-
strap joints. The first investigation was with a quasi-static periodic longitudinal loading
and the other investigation was done with a torsional loading. Both experiments showed
no-dependence of loading frequency on the hysteresis curve. However, the latter case
showed an exponential increase in hysteresis area with increase in loading amplitude.
Coulomb model was used as the analytical model for the correlation with experimental
results. Based on the observations of OTTL ET.AL work, authors like GRIFFEN (1986) de-
veloped continuous model as the cumulation of various discrete Iwan elements. Later,
KOLSCH (1993) extended the OTTL ET.AL observation with use of a new and more gener-
alized discrete modelling approach based on BOUC-WEN model and described hysteresis
shapes generated due to the joint damping.
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As the initial research on the joint damping showed the importance of achieving the opti-
mum pressure, GOULD AND MIKIC (1972) performed experiments to study the profile and
magnitudes of the pressure distribution over the contact interface for bolted joints. The
computational and experimental results were matched, wherein the bolts were modelled
in numerical description with an equivalent distributed surface load under on the bolt
head interface. ZIADA AND ABD (1980) extended the former model with more realistic ex-
ternal loading including the bolt geometrical model too. ZIADA AND ABD (1980) showed
that there is a influence of the bolt diameter on the pressure distribution and hence the
geometrical model of the bolts should always be considered. The important observations
from GOULD AND MIKIC (1972) and ZIADA AND ABD (1980) study is that the pressure
distribution over the contact interface due to the bolted joints has a parabolic behaviour
and the profile of the pressure distribution is independent of the bolting torque. Also, the
circular contact zone is approximately 3.5 times the diameter of bolt used for connecting
two plates. Other authors like KENDALL AND TABOR (1971) performed experiments to
measure the contact pressure based on the ultrasonic reflection methods. NANDA AND
BEHERA (1998) have studied the dynamic slip behaviour in accordance to the observa-
tions of the ZIADA AND ABD work. NANDA AND BEHERA (1998) empirically established
that to obtain an uniform pressure distribution, the bolts have to be separated by an
approximate distance of twice the diameter of connecting bolt.
The most cited work in recent past for characterization of the dynamics of structure with
bolted joints is attributed to GAUL and his successors. GAUL (1981) performed exper-
imental investigations to study the isolated joint behaviour to accommodate the local
non-linear behaviour in a global assembled structure. The experiment results were also
the input to the numerical contact model based on the Coulomb friction law. Later GAUL
(1983) extended the experimental investigation to the lap joints. The most important
contribution is the experimental set-up of torsional and longitudinal resonators to ex-
cite the torsional and longitudinal modes of a lap joint respectively. GAUL AND BOHLEN
(1984) explained the concepts of the reflection, transmission and dissipation of the me-
chanical waves at the contact interfaces with use of both experimental and numerical
models. GAUL AND BOHLEN used a lumped joint model to characterize the contact inter-
faces with parameters available from the experimental results and applied it in the grid
frame structure used in spacecraft industry. GAUL ET.AL (1994) discussed the leaf-shape
of the hysteresis for joints, which were different from the parallelogram hysteresis shape
obtained from conventional Coulomb model. The lap joint model was modelled with a
continuous varying pressure distribution, while the predecessors modelled the contact
interface with uniform pressure distribution. With use of distributed joint model and
Coulomb constitutive formulation, the leaf shape hysteresis was obtained. GAUL AND
LENZ (1997) described the longitudinal and torsional resonator and made a qualitative
study on the influence of the bolting torque and excitation amplitude on the hysteresis
shapes and area of dissipation. A continuous-lumped joint model was used based on
the Valanis model to capture the hysteresis with better accuracy than the model based
on the Coulomb model. GAUL AND NITSCHE (2000) developed the concept of active or
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semi-active joints. The idea was to control the contact pressure in joints such that the
damping of the global structure can be modulated according to the requirement.
Numerical Implementation. With advent of the numerical techniques, approximate
solution for a complex model is possible to a good degree of accuracy. The same holds
true for the numerical modelling of the contact interfaces. Essentially the use of finite
element method enhanced the application and provided more opportunities to model
the contact behaviour in the continuum bodies. The foundation of the finite element
modelling is attributed to the work of ARGYRIS, CLOUGH and ZIENKIEWICZ. Finite ele-
ments used for the contact formulation were referred as the interface elements based
on the work of ZIENKIEWICZ. GOODMANN, TAYLOR AND BREKKE (1968) presented the
modelling approach of jointed rock using a zero thickness element formulation. PANDE
AND SHARMA (1979) discussed the implementation of the interface elements in details
and their numerical ill-conditioning. Later, DESAI AND ZAMAN (1984) and SHARMA AND
DESAI (1992) presented the improved interface thin layer and its implementation in fi-
nite elements for modelling of jointed rocks. The other industrial applications of jointed
interface like spot welds, bolted joints, rivet joints etc. were too implemented using finite
elements by authors like WILLNER, LAURSEN AND SIMO, AHMADIN ET.AL and many others.
The other advancements in the numerical modelling of the contact mechanics is at-
tributed to the algorithms of contact formulations. The contact problem based on the
variational principle was reduced to an optimization problem, to be solved for minimiza-
tion of the residuum. The algorithms were developed by authors like SIMO, WRIGGERS
AND TAYLOR (1985), KIKUCHI AND ODEN (1988), SIMO AND LAURSEN (1992) and later fol-
lowed by many extensions. The commercial software use these algorithms like penalty,
Lagrange and augmented Lagrange methods for solving the contact problems.
The dynamic or vibrational problems involving contact interface are conventionally solved
in time domain based on the implicit numerical methods. Explicit numerical methods are
often used for simulating drop and crash problems, as they are computationally time effi-
cient in comparison to implicit codes. However, the explicit numerical solving techniques
are restricted with stability issues. Broadly, the frictional contact problems are solved in
time domain, like the work of MAYER (2007) presented the formulation for the micro-slip
modelling for the bolted joints.
Alternatively with the advent of the fast fourier transformation, the vibrational behaviour
of the assembled structure under periodic excitation is also made possible in frequency
domain. The alternative approach to cumbersome time domain calculations is the Har-
monic Balance Method (HBM). HBM was first proposed by URABE (1966) with inves-
tigations on the convergence condition and its numerical applications, and proved to
be efficient as the method presents a direct implementation in frequency domain. LAU
(1981) extended the approach to incremental HBM which provides better convergence
and stability. HBM and its derivatives became popular for the use of the applications
involving the non-linear vibration, in specific for the structures excited with a periodic
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loading. PIERRE (1985) extended the HBM method with use of multi harmonics to de-
scribe the non-linear behaviour with respect to sub and higher harmonics too. LING
(1987) further developed a method with use of fast Fourier transform to improve the
computational time. CARDONA ET.AL presented the HBM solution and its other deriva-
tive methods in conjecture with continuation method to describe the unstable regions
through arc length control techniques. However, today the use of HBM in conventional
form is not often used, but in a hybrid form i.e Alternate Frequency Time (AFT) domain
method. Many authors CARDONA, LIU, WILLNER ET.AL etc have worked further on the
AFT domain representations.
1.3 Aim and Work Outline
The broad aim of this thesis is to develop and implement a contact model to capture
the non-linear effects from the contact interfaces on the dynamical behaviour of assem-
bled structures. The two challenges that exist for the numerical techniques to model
non-linear effects are model size and field conditions. The conventional methods either
suffers from numerical convergence issues or from computational cost when used for the
complex large structure under broad band dynamic excitations like random excitation.
This defines the specific goal of the thesis to propose a contact model which is capable
of not only handling the large structures in terms of computational cost but also capa-
ble of predicting the vibrational behaviour of structure under the random excitations.
To achieve this in systematic approach, the aim of thesis is divided into two phases of -
model development and model implementation.
The model development phase concentrates on developing an equivalent quasi-linearised
method. The equivalent definition ensures the models capability to capture the non-
linear effects from the contacts on the dynamic behaviour. The quasi-linearised definition
ensures that the advantages of the linear system are retained. In specific, advantages of
having a linear basis are that the broad band excitation can be numerically solved based
on the modal superposition analysis and the large models can be solved with less compu-
tational cost. The model implementation phase concentrates on the implementation of
the model in terms of the conventional commercial software (like Ansys) based on finite
element methods. The other part is the interpretation of the parameters used in model
to define the equivalent stiffness and damping, to be used in the vibration equation. Fur-
ther, the opportunities of extensions to the present model should be viable. In specific,
this thesis concentrates on the pre-stress modal superposition harmonic and random PSD
analysis, with modelling the contact interfaces based on the proposed model defined as
Damped-Pressure Dependent Joint (D-PDJ) model.
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The thesis is divided into six main chapters. Chapter 1 discussed the motivation of this
thesis and relevant literature study on contact modelling.
Chapter 2 describes the conventional contact mechanics foundation and the constitutive
equations governing the contact behaviour under quasi-static and dynamic loadings. The
generalized results of the conventional constitutive laws form the basis to develop the
new contact model.
Chapter 3 shows the different analytical and numerical techniques of solving the dy-
namic problems involving non-linearity. This chapter describes the two conventional
techniques of solving dynamic problems- in the time and frequency domain. Few ex-
amples discussing the implementation of the non-linear constitutive laws are presented.
Apart from the understanding of the solving process, the chapter discusses in detail the
disadvantages of the conventional solving techniques of non-linear problems, based on
the results of used examples. The chapter also gives a brief introduction on the experi-
mental methods for data acquisition and analysis of the vibration measurements.
Chapter 4 describes the derivation and development of the new proposed contact model.
The model is defined in terms of the equivalent dynamic terms of contact stiffness and
the damping from the contacts. A detail discussion on the use of different parameters to
develop the formulations for the proposed D-PDJ model is presented.
Chapter 5 presents a parametric study on the test structure to investigate the influence on
the dynamic properties under set of external operational factors like bonding pressure,
excitation force and the contact pairing materials. The influence of the external factors on
dynamic behaviour is studied by quantifying the influence on the resonance frequencies
and the damping of the global systems. For each case, the optimal choice of parameters
used in the proposed new contact model is presented and conclusions are made to judge
the capability of proposed D-PDJ model.
Chapter 6 shows the implementation of the proposed D-PDJ model on two prototype
structures resembling the ECU structures. The chapter investigates the applicability of
the proposed model in terms of accuracy in predicting the dynamical behaviour for large
models. Also, a qualitative comparison between the conventional commercial software
techniques is done to quantify the improvements not only in the accuracy but also in the
computational time.

Chapter 2
Fundamentals of Contact Physics
Contact physics relates to the field dealing with estimation of the contact stresses, forces
of adhesion, friction phenomena of slip and slide behaviour, wear of material, conduc-
tance and resistance, chemical bonding etc. It has been always a challenge to characterize
the contact mechanics phenomenon through some constitutive-governing laws and the
implementation of those laws in the field of classical mechanics. Among many influencing
parameters governing the contact physics description, the most important parameters for
the field of mechanics are materials in contact, surface roughness and external loading.
This chapter discusses some of the most important governing laws of classical contact
mechanics for quasi-static and dynamic loadings. The emphasis will be to obtain the
relations between the contact forces and the relative displacement. This lays the founda-
tion in deriving the equivalent contact stiffness and damping of the new proposed contact
model in this thesis.
2.1 Quasi-static contact models
Bodies in contact are governed through the relation between the loading and displace-
ments, wherein the deformation at contact interfaces are dependent on the contact pres-
sure, surface roughness and material properties. A quasi-static loading problem consti-
tutes to cases wherein the description of the contact are independent of the transient
effects. General tribology phenomenons like friction, lubrication, wear, tear etc., require
a contact between two bodies, which is always initiated by a normal contact. The nor-
mal contact problem associate to the initiation of the contact and the tangential contact
problem associate to the change in the contact status. This section shows the constitutive
governing equations for both the normal and tangential contact problems.
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2.1.1 Normal Contact Law
The contact between any two bodies is initiated with a normal contact problem, wherein
the two bodies experience normal displacement with forces perpendicular to their sur-
faces. The normal contact problems have been studied in detail by authors like, HERTZ
(1881) model being one of the first models for describing elastic contacts, extension
of Hertz model for the plastic deformations was studied by CHANG ET.AL (CEB model)
[20–22], KOGUT AND ETISON (KE model) [57] and many others. The influence of the sur-
face roughness in the contact modelling was presented by GREENWOOD AND WILLIAMSON
ET.AL [42, 43, 45]. This section describes the formulations of the constitutive laws for
normal contacts for elastic and plastic deformation. Later described are the formulations
for the influence of the surface roughness.
2.1.1.1 Hertz model- Elastic deformation
One of the primitive analytical solution for the normal contact behaviour was proposed
by HERTZ (1881). The contact between two isotropic spheres or between a sphere and
isotropic elastic half space is used to formulate the relations between the normal force
and normal displacement. The Hertzian contact assumes a frictionless contact condition,
which is justified for bodies under normal loading. For a continuous Herztian pressure
distribution (p(r)) over the contact interface, the normal displacement (uz) can be cal-
culated by integrating the normal stress (here pressure) over the contact interface area
[53, 89] as,
uz =
(1−ν2)
piE
∫ ∫
p(r)
d xd y
r
=
pip0rC
2E′ −
pip0r
2
4rCE′
, (2.1)
where, the Hertzian pressure distribution is p(r) = p0

1− r2/r2C
1/2
for 0≤ r ≤ rC and
the equivalent elastic constant is E′= E/(1−ν2).
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(a) Contact between a rigid sphere and elas-
tic half space acted upon by Hertzian pres-
sure distribution.
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(b) Circular contact zone
with radius rC.
Figure 2.1: Deformation of an half elastic space under a rigid sphere leading
to circular contact zone [89].
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The normal displacement can also be calculated with respect to normal penetration (δN)
and radius of rigid sphere (R) as [89] (see figure 2.1),
uz =δN− r
2
R
, for r <<< R. (2.2)
From equations (2.1) and (2.2), the normal penetration (δN) and contact radius (rC)
can be obtained as,
δN =
pip0rC
2E′ and rC =
pip0R
2E′ . (2.3)
The normal contact force (FN) can be calculated as the integration of Hertzian pressure
distribution over the contact area and is obtained as,
FN =
rC∫
0
p0
 
1− r2
r2C
!1/2
2pirdr =
2
3
p0pir
2
C. (2.4)
From equations (2.3) and (2.4), the normal force is rewritten in terms of penetration as,
FN =
4
3
E′R1/2δ3/2N . (2.5)
The above equation shows a non-linear dependence of the normal force with respect to
the penetration, where the elastic constant (E′) and radius of the sphere (R) are constant
parameters. This formulation is derived for the case of an elastic half space deformation
under influence of a rigid sphere indenter. The formulation for the case of two elastic
spheres in contact requires the substitution of the elastic modulus and radius of sphere
with composite elastic modulus (E∗) and composite radius (R∗) respectively. The equiva-
lent elastic constant is calculated as the superposition of elastic constants of two materials
in contact. The normal force for two elastic spheres in contact can thus be calculated as,
FN =
4
3
E∗R∗1/2δ3/2N , (2.6)
where, 1/E∗=

(1−ν21)/E1

+

(1−ν22)/E2

and 1/R∗=
 
1/R1

+
 
1/R2

.
The normal contact stiffness is calculated as the derivative of the normal force with re-
spect to the normal relative displacement. Equation (2.6) is used to determine the normal
contact stiffness for two elastic spheres in contact as,
kN =
dFN
dδN
= 2E∗R1/2δN1/2, rC =
Æ
δNR∗. (2.7)
The normal contact stiffness shows a non-linear dependence on the normal relative dis-
placement. This definition of normal contact stiffness forms the basic foundation for solv-
ing the normal contact problems under static loads. However, this definition of normal
contact stiffness is valid for hertzian pressure having elastic deformations. The formula-
tions for plastic deformations are presented in the following section.
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2.1.1.2 Hertz model- Plastic deformation
For large magnitudes of external loading, the contact interface will deform plastically.
The Hertz elastic model cannot be used for such cases. The extension of elastic Hertzian
model to elastic-plastic deformation has been presented by CEB model [21] and other
models. The elastic-plastic deformation phenomenon is governed through a yield point
limit on the normal penetration, referred as critical interference. For deformations below
the critical interference, the behaviour is elastic and for the deformations above the criti-
cal interference, the behaviour is plastic. The formulation to define the relation between
the normal forces and deformations based on CEB model [21] are presented as [34],
FN =

4
3
E∗R1/2δN3/2 δN≤δNC,
piκHR
 
2δN−δNC

δNC<δN,
(2.8)
wherein, H is the Hardness of the material and κ= 0.454+0.41ν is the hardness factor.
The critical interference (δNC) is dependent on the hardness, elastic constant and radius
of indenter and is expressed as,
δNC =

piκH
2E∗
2
R. (2.9)
The relation between normal force and relative displacement from CEB model for the
elastic deformation is same as the Hertz model. For the plastic deformation, the rela-
tionship between the normal force and relative displacement is linear. Hence, the transi-
tion from elastic to plastic deformation at critical interference is the transition in force-
displacement relation from non-linear to linear behaviour. The normal contact stiffness is
calculated as the derivative of the normal force with respect to the penetration. The con-
tact stiffness associated with elastic-plastic CEB model is calculated distinctly in regions
of elastic and plastic deformation, as shown in the below equation,
kN =
2E
∗R1/2δN1/2 δN≤δNC.
2piκHR δNC<δN.
(2.10)
From above equation, it can be seen that the normal contact stiffness is independent of
the relative normal displacement and is only dependent on the constant parameters like
the hardness of material, hardness factor and radius of sphere. Based on the formulations
presented for two spheres in contact, the macroscopic modelling of the surfaces in contact
can be visualized as the contact of finite number of such spheres. Each contact pair
with their respective stiffness is then characterized as a point to point contact. However,
the contact stiffness depends on the geometry of spheres i.e. radius of sphere, which
can be assumed as a constant value and can be calculated as the mean on the surface
roughness. This is a very simplified case and does not include the effects of surface
roughness on the constitutive relations of force-displacement relation. The next section
shows the constitutive relation including the influence of the surface roughness and its
application in determining contact stiffness.
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Influence of surface roughness
All engineering surfaces posses surface roughness, which should be considered while
modelling contacts. Theoretical and empirical models to accommodate the influence
of roughness have been studied in detail by authors like ARCHARD ET.AL [7, 79, 119],
GREENWOOD AND WILLIAMSON [43], BOWER AND JOHNSON [14] and many others. The
inclusion of surface roughness in contact mechanics was motivated due to the shortcom-
ing of the Hertzian theory. Although Hertzian theory proposed an analytical solution of
a single asperity contact, but the relationship between loading and penetration require
the prior knowledge about the contact geometry and contact area [43]. There exists two
concepts of contact area- apparent and actual contact area. The apparent contact area is
defined as the macroscopic area, which is calculated based geometrical boundaries of the
contact surface. The actual contact area is defined as the summation of the individual
contact area occurring at various asperities. Due to inclusion of the surfaces roughness in
contact modelling, the actual contact area can be calculated and therefore the estimation
of the local contact stress are more realistic.
FN
Rigid surface
Reference plane
(a) A rough surface in contact with a rigid surface.
R R
FN
Rigid surface
Reference
plane
(b) Asperity peaks represented using spheres.
Figure 2.2: Modelling of surface roughness peaks as spherical asperities of
same radius based on GREENWOOD AND WILLIAMSON model.
GREENWOOD AND WILLIAMSON [43] approximated the surface roughness with a Gaussian
normal distribution. An assumption of all asperities possessing a spherical geometry with
same radius of curvature is taken, see figure 2.2. Figure 2.3 shows an approximation of
surface roughness with normal distribution. The probability of initiation of contact will
be at the peaks of the surface roughness. This allows the choice of distribution to be taken
as exponential, where the predominant effects of peak-asperities can be captured. How-
ever the main advantage of using exponential distribution is the availability of analytical
closed form solutions, which is not possible for Gaussian distribution.
GREENWOOD AND WILLIAMSON (1977) [44] later showed that an exponential distribution
is a simplified choice for roughness distribution and does not comply with Gaussian dis-
tribution, as evident from figure 2.3(b). A modified exponential distribution [44, 88]was
proposed to have better correlation to the Gaussian distribution for the predominance at
the peaks, see figure 2.3(b).
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The probability distribution for modified exponential distribution fit is,
φmexp(z) = c exp

−λc z
σr

, (2.11)
wherein, c and λc represent the dimensionless constant coefficients and σr is the stan-
dard deviation of the surface roughness. For all practical purposes, the values of c = 17
and λc = 3 are feasible [88].
0 0.2 0.4 0.6 0.8 1
−4
−3
−2
−1
0
1
2
3
4
Normalized sample length
Pr
of
ile
 h
ei
gh
t
(a) Random surface roughness.
−4 −2 0 2 4
0
0.1
0.2
0.3
0.4
0.5
Profile height
D
is
tri
bu
tio
n
 
 
Roughness profile
Gaussian fit
Exponential fit
Modified Exponential fit
(b) Distribution fits for peaks.
Figure 2.3: Use of different distribution function to capture the surface rough-
ness based on the GREENWOOD AND WILLIAMSON model.
A simplified assumption of same asperity radius RA for all peaks is taken. The individual
contact pair’s contact area and normal force at various profile height are formulated based
on the results of the Hertzian contact as,
A(z) = piRA(z−δN), (2.12)
FN(z) =
4
3
E∗R1/2A
 
z−δN
3/2
. (2.13)
The total area and force with use of modified exponential distribution are calculated as
the summation of local contact area and force respectively and are obtained as,
A =
cnpiRAσr
λ2c
exp

−λcδN
σr

,
FN =
cpi1/2nE∗R1/2A σ3/2r
λ
5/2
c
exp

−λcδN
σr

. (2.14)
Equation (2.14) represents the constitutive relation for normal contact law including the
surface roughness parameters. The normal contact stiffness is then calculated as the
derivative of the force with respect to the displacement and is obtained as,
kN =
dFN
dδN
=
λc
σr
FN. (2.15)
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The stiffness formulation forms the basis of tribology motivated constitutive law, used for
defining the normal contact law in this thesis, as discussed in chapter 4. Similar to the
extension of Hertz model for plastic deformation, CHANG ET.AL (CEB model) formulated
the elastic-plastic deformations for Greenwood and Williamson model too. The critical
interface limit defining the transition from elastic to plastic deformation in other models is
defined as plasticity index. In WHITEHOUSE AND ARCHARD model, the elastic deformation
is defined for the plasticity index values less than 0.6 and plastic deformation is defined
for the plasticity index value more than 1. The behaviour in between values of 0.6 and
1 is unknown. BOWER AND JOHNSON [14] model defines the magnitude of wear with
respect to the plasticity index. This thesis does not deal with the large plastic deformation
and wear related topics for the contact interface. Hence, the simplified GREENWOOD AND
WILLIAMSON model with assumption of modified exponential distributions is sufficient for
proposing the governing laws for the contact mechanics, required to model the structural
dynamic systems, as covered in chapter 4.
2.1.2 Tangential Contact Law
For tangential loading, the contact model requires the modelling of the frictional be-
haviour with the estimation of the tangential stresses. Similar to the case of Hertzian
theory of same materials in contact, the relative displacement is same on both mating
surfaces for tangential loading too. Hence, the contact area dimensions depend only on
the applied normal force and geometry of profiles in contact. For different materials in
contact, the tangential force couples with the normal pressure. This section presents the
relation between the tangential forces and relative displacements for different states of
contact based on the amplitudes of loading.
2.1.2.1 Sliding Contact
Large tangential loading for two spherical bodies in contact leads to a large relative dis-
placement. Due to this the bonding between the two bodies is broken. This contact state
of complete slip between the bodies is called as sliding contact. The primitive constitu-
tive law for modelling sliding behaviour is based on AMONTONS (1699) law, to define a
constant tangential stress in sliding as,
|τ|
p
=µ, (2.16)
where, µ is the coefficient of friction and p is the normal pressure. The same equation
is extended to tangential force (FT) in the sliding state as the product of the coefficient
of friction (µ) and normal force (FN). For tangential forces (FT) less than the magnitude
of limiting force friction (µFN) value, there will be no sliding. The state which occurs
before the sliding is referred to as a stick state. The pictorial description of the two states
of contact under tangential loading is shown in figure 2.4.
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Stick Slide
0
Figure 2.4: Stick and sliding region for the tangential loading with transition
from stick to slide region for load exceeding the limit of friction force (µFN).
With use of Hertzian pressure distribution (p(r)), the tangential stress (τ(r)) in full slid-
ing motion can be defined in terms of the contact geometry and normal load as,
|τ(r)|=µp0
 
1− r2
r2C
!1/2
=
3µFN
2pir2C
 
1− r2
r2C
!1/2
. (2.17)
From the above equation, it is can be seen that at the condition of complete sliding, the
tangential stress depends on the normal force (FN), contact radius (rC) and coefficient of
friction (µ). The next section explains the formulation of the tangential forces for stick
region and the transition from stick to slide region.
2.1.2.2 Stick Contact
The state of contact as fully adhered or stick suggests no relative motion between the
bodies in contact. However, due to the tangential loading there should be some amount
of traction force existing. The relationship between the tangential displacement and
forces can be established in a similar approach as used in hertzian contact model based
on theory of elasticity. For an in-plane unidirectional tangential load at origin, a uniform
stress distribution is obtained. The tangential displacement of elastic half space can be
calculated for a uniform tangential stress distribution at the interface in a similar way as
presented in equation (2.1) as,
ux =
1
4piG
∫ ∫
τ(r)
d xd y
r
=
(2−ν)piτ0rC
4G
, (2.18)
where, the uniform tangential stress distribution is τ(r) =τ0

1− r2/r2C
−1/2
. The rela-
tive tangential displacement between the two spheres in contact is calculated as,
δT = ux ,top−ux ,bottom = piτ0rCG∗ . (2.19)
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The equivalent shear modulus (G∗) used in equation (2.19) is calculated as,
1
G∗ =
(2−ν1)
G1
+
(2−ν2)
G2
. (2.20)
The tangential force acting over the contact interface due to an uniform stress distribution
is calculated by integrating the stress distribution over the interface area. Using the
equation (2.19) of relative tangential displacement, the tangential force is re-formulated
with respect to the relative tangential displacement.
FT =
rC∫
0
τ(r)2pirdr = 2piτ0r
2
C = 8G
∗rCδT. (2.21)
From equation (2.21), it is observed that the tangential force is linearly dependent on the
relative displacement, with an assumption of no variation in contact radius and equiv-
alent shear modulus with respect to the loading. This is depicted in figure 2.4. The
tangential stiffness of the stick state can be calculated by differentiating the tangential
force with respect to the tangential relative displacement.
kT0 =
dFT
dδT
= 8G∗rC. (2.22)
The tangential contact stiffness for stick state is a constant value and is dependent on the
shear modulus constant and contact radius. As the contact area and the material elastic
constant are same for both normal and tangential loading, the contact radius can be
estimated in-terms of the normal stiffness from equation (2.7). The relation between the
normal and tangential contact stiffness for the combination of normal load and tangential
load in stick state is calculated as,
kT0 =
4G∗kN
E∗ . (2.23)
It can be seen that the tangential linear stiffness for stick state can be estimated from the
normal stiffness and equivalent composite elastic constants only, eliminating the direct
dependence on contact geometry. For same isotropic elastic materials in contact, it further
reduces to function of the Poisson’s ratio only.
2.1.2.3 Mindlin model- Partial Slip
The preceding section described the stick state constitutive relations based on the uniform
stress distribution at the contact interface. However, the choice of uniform stress distribu-
tion yields non-physical solution at the boundary of the contact zone, i.e τ(r = rc)=∞,
while the Hertzian pressure is zero p(r = rc) = 0. This implies that for any magnitude of
tangential loading, there cannot be complete stick state existing throughout the contact
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Figure 2.5: The region of stick and slip at the interface of two spheres in
contact under normal loading.
interface. Hence, there should be a transition from stick state to slide at some radius
say rs, such that there is a continuity of stress distribution. The existence of both stick
and slide regions in contact interface is referred as to the partial slip state. Figure 2.5,
shows a pictorial representation of division of contact zone into stick and slip state with
their respective radii. CATTENO (1938) and MINDLIN (1949) [71] were the first ones to
propose the analytical solution for tangential contact problems with description of the
partial slip formulations. For state of sliding, the stress distribution is calculated based
on equation (2.17). The superposition of two Hertzian tangential stress distribution is
idealized to fulfil the contact conditions at the boundary of the transition from stick to
slip state [53, 89].
τ =
τ
(1)+τ(2) 0≤ r ≤ rS.
τ(1) rS≤ r ≤ rC.
(2.24)
where in, τ(1) =µp0

1− r2/r2C
1/2
and τ(2) =−µp0
 
rS/rC

1− r2/r2S
1/2
.
The displacement and relative displacement of elastic spheres in contact with combined
stress distribution can then be obtained in a similar way of integrating stress distribution
over contact area [53] and are obtained as,
ux = u
(1)
x +u
(2)
x =
piµp0(2−ν)
8GrC
(r2C− r2S ), (2.25)
δx =
piµp0
8G∗rC
(r2C− r2S ). (2.26)
The tangential force can be calculated by integrating the tangential stress distribution
over the contact interface area. As two states of stick and slip exists, the addition of the
individual force in each state gives the total tangential force for partial slip state as,
FT =
rC∫
0
τ(1)2pirdr+
rS∫
0
τ(2)2pirdr =µFN
 
1− r
3
S
r3C
!
. (2.27)
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From equation (2.27), the contact radius of stick state in the complete contact zone can
be calculated in terms of the tangential force and limit friction force as,
rS = rC

1− FT
µFN
1/3
. (2.28)
The above expression can be substituted in the formulation of relative displacement in
equation (2.26) and the result of Mindlin model for partial slip is obtained as,
δT =
3µFN
16G∗rC
 
1− r
2
S
r2C
!
=
3µFN
16G∗rC
 
1−

1− FT
µFN
(2/3)!
. (2.29)
The above expression is symmetric and hence the tangential force can be equated in
terms of relative displacement as,
FT =µFN
 
1−

1− δT
δTmax
3/2!
, (2.30)
wherein, δTmax =
 
3µFN/16G
∗rC

refers to the maximum relative displacement at which
sliding is initiated.
The contact stiffness in partial slip can be estimated by differentiating the tangential force
with respect to tangential relative displacement and is expressed as following,
kT =
dFT
dδT
= kT0

1− δT
δTmax
1/2
= kT0

1− FT
µFN
1/3
. (2.31)
For FT less than µFN, the tangential contact stiffness (kT) is equal to contact stiffness of
the stick state (kT0). For complete sliding state the contact stiffness is zero.
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(a) Force-displacement relation.
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Figure 2.6: The Mindlin model showing a non-linear continuous relation for
force-displacement curve and generation of conventional Mindlin hysteresis
shape for a harmonic loading.
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The contact stiffness from stick to complete sliding state varies non-linearly based on
the equation (2.31), as depicted in figure 2.6(a). The relation between the tangential
force and relative displacement are expressed for quasi-static loading, which extended
to periodic loading leads to the formation of a hysteresis. The area under hysteresis is
associated with the contact dissipation, see figure 2.6(b). The dissipation associated with
periodic loading has been analytically estimated by MINDLIN (1951) [72] for a period of
oscillation as,
∆W =
9µ2F2N
10G∗rc
1−1− Fm
µFN
5/3
− 5Fm
6µFN
 
1+

1− Fm
µFN
2/3! , (2.32)
where Fm refers to the maximum force reached in the hysteresis shape. Hence, it is con-
cluded for tangential contact, that the constitutive relations show a non-linear behaviour
with dissipative terms and is time independent.
This section has depicted the formulations for the tangential contact stiffness definition
for different contact status. The dissipation observed in tangential contacts depicts the
frictional losses due to tangential relative displacement between the bodies in contact.
These formulations are used as building blocks in chapter 4 for the proposed new contact
model definition of contact stiffness in this thesis. The next section extends the discussion
of constitutive relations for the dynamic frictional contact modelling.
2.2 Dynamic contact models
Bodies in contact when excited with dynamic loads lead to the frictional losses. Assem-
bled structures having metallic bodies in contact without lubricated surfaces constitute to
the problems of dry frictional contacts. The formulations of dry contacts are independent
of velocity, but dependent on the velocity reversals. The conventional dynamic contact
models are COULOMB model, DAHL model, LUGRE model etc. Other dynamic models are
further extension to these classical dynamic models. COULOMB (1781) model presented
the dynamic fromulation of stick and slip phenomenons. DAHL model formulates the
smooth transitions from stick to slip states. LUGRE model is the extension of the Dahl
model for lubricated surfaces.
This section discusses the most important constitutive laws required for dynamic contact
modelling. Later in the section, the modification to the conventional Dahl model is pre-
sented with an aim to capture the physical phenomenon observed in analogy to the solid
mechanics. The constitutive relations for the modified model are used in chapter 4 in
building the proposed contact model’s damping phenomena.
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2.2.1 Coulomb Friction Model
The COULOMB (1781) model is motivated from the formulations of the Amontons’s law
in dynamical domain with modelling stick-slide behaviour. Coulomb defined two states
of friction contact- Static and kinetic friction. For bodies at rest, the resistance force of
friction is referred as static friction. For bodies in motion, the resistance force of friction
is referred as kinetic friction. Both representations are presented below in equations as,
Static friction : Fs =µsFN ,
Kinetic friction : Fk =µkFN . (2.33)
In the above equation, µs and µk are the coefficient of static and kinetic friction re-
spectively. The important observations are : Fs and Fk are ideally independent of the
contact area or roughness but dependent on the contacting material, µs is greater than
µk but with not large difference between them and the kinetic friction for dry contacts is
independent of the sliding velocity.
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(b) Stick-Slip model.
Figure 2.7: Coulomb describing a dry frictional contact and Stribeck model
used for viscous-lubricated contact.
The Coulomb friction model in simplified form with a coulomb friction limit or the sliding
friction force Fc =µFN is represented as [5],
F =
Fcsgn(u˙) for u˙> 0,Fext for u˙= 0, Fext< Fc,
where, u˙ is the sliding velocity. Further extension to the Coulomb model for modelling
the lubricating surface with inclusion of static friction is described by Stribeck curve. The
formulation of Stribeck curve is represented as [107],
F =
 
Fc +(Fs− Fc)exp(−|u˙|/u˙s)

sgn(u˙)+ksu˙, (2.34)
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In the previous equation, u˙s is the stribeck velocity coefficient and ks is the viscous force
coefficient. Figure 2.7 show the comparison of the Coulomb model and Stribeck curve.
For a periodic excitation of a system having contact interfaces, the system experiences
stick-slip phases with generation of a hysteresis. Considering the coulomb model with
dependence on the sign of the velocity, the model can be defined as the combination of
the elastic and dissipative part. The elastic part is associated with the stick phase and
the dissipative is associated with the sliding. With assumption of u(t) = U0cos(ωt), the
associated dissipation energy from the sliding friction can be calculated by integrating
the dissipative forces over a period of oscillation.
∆E =
∮
Fd du==
2pi
ω∫
0
Fcsgn(v)vd t = 4FcU0. (2.35)
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Figure 2.8: Hysteresis generated by Coulomb friction models under periodic
loading.
It can be seen from equation (2.35), that the loss increases linearly with increase in
the amplitude of displacement. Hence, the non-linear behaviour of the friction when
modelled using Coulomb law depends only on the displacement and reversal points (or
sign of velocity) for a periodic excitation. Figure 2.8 shows the dissipative hysteresis
behaviour of Coulomb model for both stick-slip and only slip models. Although Coulomb
model and its other derivatives have been conventional models, they do not depict the
real behaviours of contacts, like modelling of micro-slip effects. The following section
will address the topics of micro-slip behaviour for dynamical modelling.
2.2. Dynamic contact models 27
2.2.2 Dahl Brush Model
DAHL (1968) [28, 29] proposed a model to include the micro-slip effect in the conven-
tional Coulomb friction model. The motivation comes from the experimental observa-
tions conducted by Dahl on ball bearings, wherein for small amplitude of force excita-
tions the ball bearings responded with small amplitudes of restoring forces. A contact is
idealized as a mechanical bond, which is preserved until the tangential forces or shear
stress acting does not exceed the breaking limit. The Dahl model can be depicted by
combination of different bristle as the bonding between bodies in contact, see figure 2.9.
(a) A body sliding over a rigid surface. (b) Dahl brush model representation.
Figure 2.9: Representation of a rough surface using equivalent Dahl brush
model for dry contacts.
The Dahl model as solid friction model finds an analogy to stress strain relationship for
ductile materials. The abrupt sudden transition in the Coulomb model from stick to slip
is non-physical and hence a smooth transition from stick to slip state is required to obtain
a stable process. This is depicted with the basic idea of Dahl’s formulation of modelling
friction behaviour as an elasto-plastic model. For small amplitude of excitation, the rel-
ative motion between the interfaces is small and shows an elastic behaviour. For the
loading step, the elastic deformation of the bristle occurs and for un-loading step the
bristle return to the original position. This small amplitude of excitation leads to the
elastic deflection of the bristle with bristle stiffness being constant. For large loadings,
the bristle deflects significantly and after a certain critical value the behaviour of deflec-
tion tends to be non-linear. The bristle deflects to an amount such that upon unloading
(a) (b) (c)
Figure 2.10: Dahl bristle friction model representation with stick phase re-
lated to an elastic bending of bristle, micro-slip as the elasto-plastic bending
of bristle.
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the bristle does not return to its original un-deformed position. This behaviour is associ-
ated with stress strain relation for elastic-plastic phase after the yield point. This results
in the hysteresis behaviour between the applied load and deflection, similar to that of
a elastic plastic material. For very large loadings, all bristle deform plastically and the
brush starts sliding over the surface. This is associated with the complete sliding state
of the brush similar to Coulomb model. Figure 2.10 shows an pictorial representation of
the bristle deflection with increasing tangential load initiating relative motion of a body
over fixed rigid surface.
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Figure 2.11: Effect of the curvature parameter in Dahl formulation for relation
between the tangential force and relative displacement.
Dahl formulation in a way models the coulomb model with continuous description of
stick-slip state.
dFT
dδT
=σ0
1−sgnδ˙T FTFC

i
sgn

1−sgnδ˙T FTFC

. (2.36)
Here, σ0 represents the initial slope of the force- deflection curve. This can be asso-
ciated to the initial tangential stiffness of the local contact spot before any tangential
loading. Also, the deflection is directly associated to the relative tangential displacement
between the surfaces. The formulation shown in the equation (2.36) depicts the varying
contact stiffness with increasing load. As the tangential force reaches the value of limit-
ing Coulomb friction FC, the stiffness tends to zero. This related to the complete sliding
between the two mating surfaces. Figure 2.11 shows the influence of the slope-curvature
parameter i on the force-deflection curve. The behaviour of Dahl formulation predicts
completely the Coulomb friction law for slope-curvature parameter i = 0. For all values
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of i < 0, it can be associated with Mindlin-Catteno model. However, the Dahl formu-
lation for all practical purposes of the contact modelling with stick slip phenomenon is
described in reduced form with unit value of slope-curvature parameters as,
dFT
dδT
= kT0 = kT0

1−sgnδ˙T FTFC

. (2.37)
The above equation is a simplified formulation of variation of the bristle contact stiffness
with increasing tangential loading. The stiffness at load reversal is controlled with the
sign of velocity. One of the criticisms of the Dahl’s formulation is that the tangential force
is twice in magnitude at velocity reversals, which is not physical. This leads to the large
hysteresis area in comparison to the hysteresis area without the error at velocity reversals.
The Dahl’s formulation of the tangential force is only dependent on the displacement and
the velocity reversals, and applicable for dry contacts. The direct extension to accommo-
date the effect of velocity for lubricated surface for the calculation of the tangential force
is accompanied by models like LuGre [32] and Leuven models [111].
2.2.3 Modified Dahl Model
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Figure 2.12: Stress-strain relation for ductile materials with elastic strain ("el)
and plastic ("pl) strain (left). Tangential frictional force-relative displacement
relation with behaviour similar to stress-strain relation (right).
The conventional formulation of the Dahl model describes both the loading and unload-
ing stages with a non-linear behaviour. In analogy to solid mechanics, the behaviour
of stick to slip transition is associated with stress-strain behaviour of ductile materials,
wherein the yield point refers to the transition phase [29]. Extending the same analogy
between stick-slip behaviour and stress-strain relation for un-loading stage, the structure
comes to a state of zero stress with non-zero strain. The non-zero strain accounts for the
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plastic deformation. The unloading step is associated with conservative elastic part and
follows a linear elastic stiffness release. Figure 2.12 shows the pictorial representation of
the discussed phenomenon. Also, many experiments used for measuring the hysteresis
shape due to the contact show a linear release for the unloading phase. Thus, it can be
concluded for the hysteresis shape that the loading stage has a non-linear behaviour and
the unloading stage has a linear behaviour.
MAYER [67] formulated a switching function for the Mindlin-Catteno model. The switch-
ing function gives one continuous hysteresis formulation capable of defining the non-
linear behaviour for loading and linear behaviour for unloading step [67]. Although the
switching function was proposed for Mindlin-Catteno model, it can also be used for the
Dahl model. The conventional Dahl formulation is modified with use of such an switching
function, to explicitly control the switching between non-linear to linear behaviour for
loading and unloading stages respectively, and vice versa. The modified Dahl formulation
is presented below in equation (2.38).
dFT
dδT
= kT = kT0

1− sksgn

δ˙T
 FT
FC

, (2.38)
where, the switching function is sk =

1+sgn(δ˙TFT)
2

.
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Figure 2.13: Hysteresis behaviour of Dahl friction models with two sets of
excitation amplitudes. The conventional Dahl model has both loading and
unloading as non-linear behaviour. The modified Dahl formulation has the
loading as non-linear behaviour and unloading as linear behaviour.
Also, the criticism of Dahl model of having double the stiffness at velocity reversal is also
controlled by the use of this switching function. The modified Dahl model formulation,
due to the reduced slope for the unloading phase, leads to less dissipation area of hys-
teresis shapes than the conventional Dahl formulation. The difference in the hysteresis
between the modified and conventional Dahl formulation is shown in figure 2.13, for
two choices of excitation levels. Although the modified Dahl formulation traces the hys-
teresis curve with different stiffness in unloading stage, but the maximum value of the
tangential force and relative displacement are same in both formulations.
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Summary
This chapter described some of most important constitutive laws of contact mechanics
for both static and dynamic loading. The contact modelling is divided into normal and
tangential contact behaviour, with their respective constitutive equations describing the
relation between the force and the relative displacement. The normal contact laws based
on the modelling of the contact interfaces with inclusion of the surfaces roughness is
discussed, which will be used as the basis for developing the constitutive equations for the
proposed new model of this thesis in chapter 4. The tangential contact laws are discussed
with emphasis on defining states of contact under dynamic loading - stick and slip state.
The contact dissipation as hysteresis loss is depicted by dynamic dry friction model. The
discussed tangential contact models will be used in chapter 3 to describe the numerical
implementation of non-linear behaviour of mechanical systems having contact interfaces.
A switching function is used to modify the conventional Dahl dynamic contact model.
This enables a non-linear behaviour for loading step and a linear behaviour for unloading
step in the hysteresis curve. Thus, the modified Dahl model overcomes the criticism of
conventional Dahl model having double stiffness at load reversals. This modified Dahl
model will be used in chapter 4 to derive the damping phenomenon of the proposed new
model in this thesis.

Chapter 3
Structural Dynamics- Linear and
Non-linear systems
The structural dynamics is the field of mechanics to study behaviour of structures un-
der dynamic loads. The dynamical behaviour can be characterized in both time and
frequency domain based on the required application. For the frequency domain repre-
sentation, the important outputs for studying the vibrational behaviour are the resonance
frequency and the response amplitude at resonance frequencies. This chapter discusses
the modelling approaches used in analytical and experimental methods for identification
of system’s dynamical characteristics.
3.1 Elastodynamics
The governing equation of motion for an elastic media is obtained by use of continuum
physics. For an elastic continuum, the governing equations are derived based on the
kinematic, equilibrium and constitutive relations. The continuity equation for small de-
formation and the conservation of linear momentum defines the well known Cauchy’s
equation of motion. A generalized Hooke’s law defines the constitutive law for elastic
medium, also known as the material law. This defines a linear relation between the
stress and strain tensors with a material constant called as compliance tensor. Based on
mentioned laws, the governing equation for elastodynamics is obtained from equations
(3.1), (3.2) and (3.3) and shown in equation(3.4).
Cauchy motion equation: σ ji, j +ρbi =ρu¨i. (3.1)
Kinematic equation: "i j =
1
2

∂ ui
∂ x j
+
∂ u j
∂ x i

. (3.2)
Constitutive equation: σi j = Ci jkl"kl . (3.3)
Elasto-dynamics governing equation:
Ci jkluk,i j +ρbi =ρu¨i. (3.4)
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The governing equation (3.4) represented in the differential form, also referred to as
the strong form, requires both the boundary and initial conditions to solve the equation
in space and time. The boundary conditions are defined on the primary (displacement)
and secondary variable (traction), referred as Dirichlet and Neumann boundary condition
respectively. The initial conditions are defined on the displacement and velocity.
Dirichlet Boundary condition:
ui = u¯, for ∂Ω= ∂Ωu. (3.5)
Neumann Boundary condition:
t i = t¯, for ∂Ω= ∂Ωt . (3.6)
Initial conditions:
ui(t = 0) = u
0
i , for Ω.
u˙i(t = 0) = u˙
0
i , for Ω. (3.7)
(3.8)
Finite Element Method
The finite element method [130] is one of the most famous numerical method to obtain
the approximate solutions for the boundary value problems in structural mechanics. For
a body (Ω) with certain prescribed boundary condition, the body can be discretized into
the combination of different small continuum domains. The strong form of the governing
equation is required to be transformed into a weak form, also referred as the integral
form. The integral form representation reduces the order of equation and satisfies the
natural boundary condition over domain boundaries. Although, the solutions obtained
are approximate solutions, the accuracy of approximate solution depends on the order
of the discretization. Among different methods of weighted residuals, generally used is
Galerkin Method [130], wherein the integral form of elastodynamics equation can be
obtained by weighting the integral residue with a test function w as,∫
Ω

Ci jkl u˜k,l j−ρ ¨˜ui +ρbi

widΩ= 0. (3.9)
Here, the analytical solution (u) is replaced with an approximate solution (u˜). When the
inertia term ρ ¨˜ui is zero, the elastodynamics problem reduces to the elastostatics problem.
Elastostatic problem is governed only based on the spacial displacement and forces acting
on the body.
The finite element method essentially uses the test function to be chosen as a virtual
displacement i.e. w=δu˜, based on the approach of Bubnov-Galerkin [130]. The approx-
imate displacement solution is described by use of finite elements, wherein the shape
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functions (N) are defined at elements level for Ne number of elements as,
u˜(x , t) =
Ne∑
n=1
Nn(x )uˆn(t). (3.10)
Hence, the elastodynamics equation in integral form on a discretized domain can be
represented in the generalized form of equilibrium as,∫
Ω
δuˆTNTNρ¨ˆu d∂Ω
︸ ︷︷ ︸
δWdyn
+
∫
Ω
δuˆTDTCDuˆ dΩ
︸ ︷︷ ︸
δWint
=
∫
∂Ω
δuˆTNT t d∂Ω+
∫
Ω
δuˆTNTρb dΩ
︸ ︷︷ ︸
δWext
.
(3.11)
The above representation contains the common term of virtual displacement δuˆT on both
left hand side and right hand side of equation and hence can be cancelled on both side.
Thus, reformulating to the conventional reduced FE equation described as the summation
of the dynamical forces, inner forces and external forces. This leads to the generalized
form of vibration equation and is represented as,
Mu¨(t)+Ku(t) = F(t), (3.12)
where, M and K refers to the mass matrix and stiffness matrix of the system respectively.
Also F(t) represents the time varying external forces acting on the system.
3.1.1 Linear Vibrations
The elasto-dynamic equation represents the balancing of inner and external forces, wherein
the inner forces are defined as the contribution from the inertia and elastic restoring
forces. However, to depict the actual behaviour of systems, the different losses existing
for the system need to be included. The generalized vibration equation is represented
with an equivalent viscous damping coefficient D as [9],
Mu¨(t)+Du˙(t)+Ku(t) = F(t). (3.13)
The above generalized form of vibration equation describes a system in space and time
with differential operator of second order. With assumption of mass, damping and stiff-
ness being independent of time, equation (3.13) is defined as a linear system. The theory
of free vibration is first introduced by LORD RAYLEIGH(1887) [95]. The steady state re-
sponse of system can be taken as u(x , t) = φ(x)exp(iωt). The solution for the free
vibration of the system is obtained by taking zero forces of excitation and solving for a
set of homogeneous equations.−ω2M+Kφ(x)exp(iωt) = 0. (3.14)
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The equation (3.14) posses the non-trivial solution and is solved as an eigenvalue prob-
lem, i.e. det(K −ω2M) = 0. The results of eigenvalues corresponds to the natural angu-
lar frequency (modal angular frequency) and the eigenvectors corresponds to the mode
shape. With mass ortho-normalization, the equivalent modal mass and stiffness can be
reduced to unit matrix and diagonal matrix of modal angular frequencies respectively,
ΦT[Nn x Nm]M [Nn x Nn]Φ[Nn x Nm] = I[Nm x Nm],
ΦT[Nn x Nm]K [Nn x Nn]Φ[Nn x Nm] = diag(ω
2
m)[Nm x Nm]. (3.15)
The ortho-normality principle makes the transformation from physical co-ordinates to
modal co-ordinates using : u =Φq . The vibration equation can be re-written in modal
co-ordinate by using the reduced diagonal matrices based on equation (3.15), leading to
system of de-coupled equations.
ΦTMΦq¨+ΦTDΦq˙+ΦT KΦq = ΦT F .
Iq¨+ΦTDΦq˙+ω2mq = Φ
T F . (3.16)
The estimation of damping is quite difficult, as it needs to accommodate for all pre-
dominant losses. A direct implementation of damping in modal co-ordinates needs the
reduction of damping matrix to a diagonal matrix. Following section discusses the for-
mulations of vibration damping in linear systems.
3.1.1.1 Formulations for Vibration Damping
The damping is either inherent in the material or added through external means. There
are different formulations available to accommodate the damping behaviour for the struc-
tural vibrations, but still damping remains to be a challenging topic. The vibration equa-
tion (3.16) in modal coordinates essentially reduces the system matrices to diagonal
terms, and similar reduction for damping matrix is too required. A brief introduction
to the role of damping in vibration can be found in work of CRANDALL [26] and GAUL
[35, 37]. Formulations of viscous and non-viscous damping for the general vibration
equation are presented in following discussions.
m
k d
Figure 3.1: A schematic representation of single degree freedom system with
mass, damper and stiffness.
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Viscous- Material damping
Material damping on a macro-scale is associated with the dissipation of the continuum
media. The simplest definition of the damping in dynamics is visco-elastic damping mo-
tivated from the fluid mechanics. For a single degree of freedom (sdof) system as shown
in figure 3.1, the vibration equation is written the in reduced and decoupled form with
use of the damping ratio as [51],
mu¨+du˙+ku= F(t) =⇒ u¨+2ζωnu˙+ω2nu= f0(t), (3.17)
here, the damping ratio ζ is defined as the ratio of the actual to critical damping. The
values of ζ < 1, ζ= 1 and ζ > 1 refer to cases of under damped (oscillations), critical
damped and over damped system (no oscillations) respectively. The damped angular
frequency (ωd) and damping ratio are calculated in terms of natural angular frequency
(ωn) as,
ωd =ωn
Æ
1−ζ2; ωn =
√√ k
m
where, ζ=
d
dcr
=
d
2mωn
. (3.18)
The total internal force (Fint) is the addition of the elastic restoring force (Fel) and
the viscous dissipative force (Fd). The relation between the total internal force and the
displacement is an inclined ellipse. The area of the ellipse is associated to the damping
loss and the inclination is associated to the stiffness of the system. Figure 3.2 shows the
visco-elastic system hysteresis for steady state harmonic response u=U0cos(ωt) of a sdof
system.
Fd = du˙ and Fel = ku (3.19)
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Figure 3.2: The hysteresis of the visco-elastic system as the superposition of
the viscous damping and elastic force.
The energy loss for the visco-elastic system is obtained by integrating the damping force
for a period of oscillation as,
∆E =
∮
Fd du=
2pi/ω∫
0
du˙2d t =
2pi/ω∫
0
dωU20 cos
2(ωt)d t =pidωU20 . (3.20)
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The loss factor (η) is defined as the ratio of the viscous dissipation energy to the elastic
stored energy. The elastic energy is equal to the potential energy associated with elastic
spring. For excitation angular frequency equal to the natural angular frequency, the loss
factor is twice the damping ratio.
η=
∆E
2piUmax
=
pidωU20
2pi(1/2kU20 )
=
dω
k
= 2
 
ζ

ω=ωn
(3.21)
Multi degree of freedom (mdof) system has many modes, wherein assigning each mode
with an equivalent damping ratio is a cumbersome process. Definition of complete
visco-elastic damping matrix (D) is required for vibration equation, see equation (3.16).
The necessary condition, derived by CAUGHEY AND O’KELLY [19, 78], to attain normal
mode pertaining to the general choices of the mass, damping and stiffness matrices is
KM−1C = CM−1K . A proportional damping matrix is built on the summation of mass
and stiffness matrix with their corresponding scaling factors, is often referred as the
Rayleigh Damping. This form of damping can also be represented in modal angular
frequency to give corresponding modal damping ratios.
D=αrM+βrK or ξm = ζ=
αr
2ωm
+
βrωm
2
. (3.22)
The other necessary and sufficient conditions with respective arguments to attain the
normal modes based on the proportional damping are covered in detail by authors NEW-
LAND [75], ADHIKARI [1] and PHANI [84, 85]. But it is eventually not an usual case to
always have classical damping definition, wherein the damping matrices can be reduced
to a diagonal matrix. Identification and solution of eigen value problem of non-viscous
damping is studied by PRATER AND SINGH [54], ADHIKARI [1], PHANI [85] and others.
A generalized solution method for non-proportional damping system is based on the
quadratic eigen-value problem by reformulating using the state space representation as,
u˙
u¨

=

0 I
−M−1K −M−1D

u
u˙

. (3.23)
The above equation results into 2n eigenvalues, i.e the conjugate pairs of the eigenvalues.
Further reading on detailed understanding for the viscous non-proportional damping can
be found in literature [56, 90, 108].
Non-viscous damping
Structural materials show a hysteresis behaviour under steady state excitation, wherein
the hysteresis area is independent of the loading frequency. The source of this dissipation
is related to the internal friction between different planes of the material under defor-
mation. Materials or structures undergoing this form of energy dissipation are referred
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to hysteretic damping or structural damping [62, 87]. As the energy dissipation (∆E) is
dependent on the deformation and independent of loading frequency, they are classified
under non-viscous damped systems. The energy loss due to the structural damping for a
sdof system is calculated as [23],
∆E =pikβhysU
2
0 , (3.24)
where, βhys refers to the non-dimensional hysteretic damping constant. Also, this can be
equated to the viscous damping ratio based on equation (3.21), such that βhys = 2ζ. Dif-
ferent relations between the viscous and structural damping is studied by SOROK [104].
An equivalent viscous damping coefficient (deqv) for the structural damping can be esti-
mated by equating viscous energy dissipation to hysteretic energy dissipation as,
pideqvω
2U20 =pikβhysU
2
0 =⇒ deqv =
βhysk
ω
. (3.25)
The vibration equation with structural damping can be described with both equivalent
visco-elastic damping or with the hysteretetic damping constant as [49],
mu¨+
βhysk
ω
u˙+ku= F(t) (or) mu¨+k(1+ iβhys)u= F(t). (3.26)
The complex formulation of the vibration equation leads to the definition of the complex
stiffness, with the real part representing the elastic part and the imaginary part repre-
senting the dissipative part. Further extensive reading on the modelling of the hysteretic
damping and viscous damping in terms of the complex vibration equation can be seen in
NEUMARK [74], wherein many analytical formulations associated to the frequency ratio
and damping loss factors are derived.
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(a) Viscous damping system.
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(b) Structural damping system.
Figure 3.3: Effect of the damping on the frequency response of normalized
displacement for a single degree of freedom system.
Figure 3.3 shows the influence of the increasing damping on the peak amplitudes and
resonance frequency, for both viscous damping and structural damping. It is clearly evi-
dent that with increase in damping factor, the resonance frequency decreases in viscous
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damping systems. However, the resonance frequency does not change with increase in
damping factor for the structural damping system.
The other forms of non-viscous damping are the system damping related to the exter-
nal factors other than the inherent material property of the structural members. Some
of these common sources of damping are from the joint interfaces, fluid-acoustic damp-
ing, hydro-mechanical damping, electro-mechanical interactions and other sources [62].
Among all these, the structural vibrations associated with assembled structures involv-
ing contact interfaces are interest of study in this thesis- referred to friction damping see
section 2.2. This type of damping is non-linear in nature and covered in the following
section of non-linear vibrations.
3.1.2 Non-linear Vibrations
A structure experiences different forms of non-linearities from geometry, material and
boundary conditions [118]. All these non-linearities essentially define the change in
the dynamic stiffness with respect to the loading and hence the generalized vibration
equation for the non-linear system is represented as,
Mu¨(t)+D(u, u˙)u˙(t)+K(u, u˙)u(t) = F(t). (3.27)
Classical examples for the study of non-linear dynamic systems in terms of non-linear
stiffness and damping continuations are the Duffing’s Oscillator and the Van-der-Pol re-
spectively. The Duffing’s Oscillator defines a non-linear cubic stiffness and the Van-der-
Pole oscillator defines a quadratic damping, as shown in the below equation [27].
Duffing’s Oscillator Van der Pol Oscillator
mu¨+du˙+ku+knlu
3 = F(t) and mu¨−d(1−u2)u˙+ku= F(t). (3.28)
3.1.2.1 Numerical Solution- Duffing Oscillator
Analytical solutions are not available for all cases of non-linearity and their applications
are only valid for simple geometries. Numerical methods provide a good alternative to
obtain the results for non-linear problems to arguably good accuracy. The mathematical
model is numerically divided into Boundary Value Problem (BVP) and Initial Value Prob-
lem (IVP). The Finite Elements (FE) are used for the domain discretization to describe
the weak form of the equilibrium equation. The solution for initial value problem in com-
bination with boundary value problem are obtained using one-stage or multi-stage time
integration numerical techniques. The conventional approaches for solving IVP are Euler
methods, central difference method, Runge-Kutta method etc. The solution for a non-
linear equation is obtained by use of iterative Newton methods [ANANDARAJAH, Chap.
8] [4]. The non-linear system are conventionally solved in time domain but frequency
domain methods can also be used to obtain steady state solution.
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m
k dknl
Figure 3.4: A schematic representation of Duffing’s oscillator with a single
degree of freedom system having non-linear cubic stiffness.
Time domain
The time domain implementation is ideally used for highly non-linear systems, to have a
better prediction of the actual behaviour. Among different numerical techniques, New-
mark methods have been most famous in modelling the transient behaviour of a dynamic
system. The generalized approach used by NEWMARK [76] is based on the interpolation
of the velocity and displacements, as presented in equations below. The equations are
discretized in the time interval of [0, T] with a constant time step of ∆t,
u˙t+∆t = u˙t +(1−γ)u¨t∆t+γu¨t+∆t∆t,
ut+∆t = ut + u˙t∆t+

1
2
−β

u¨t(∆t)2+β u¨t+∆t(∆t)2, (3.29)
wherein, γ and β are the Newmark parameters. The adaptive algorithms allow vary-
ing time steps to be used for efficient calculation [50, 98, 127]. Choices of γ= 1/2 and
β = 1/4 leads to unconditional stable solution and referred as average constant acceler-
ation algorithm. With choices of γ= 1/2 and β = 0, the numerical integration scheme is
same as the central difference algorithm, with conditional stability. The Duffing’s oscil-
lator equation using respective numerical integration techniques is shown in following
equations.
Central Difference Explicit method
m
∆t2
+
d
2∆t

ut+∆t = F t +

2m
∆t2
−k

ut +

d
2∆t
− m
∆t2

ut−∆t . (3.30)
Newmark-β Implicit method
m
β∆t2
+
dγ
β∆t
+k

ut+∆t +knl

ut+∆t
3
= F t+∆t +

m
β∆t2
+
dγ
β∆t

ut+ (3.31)
m
β∆t
−d

1− γ
β

u˙t +

m

1
2β
−1

−d∆t

1− γ
2β

u¨t .
The results from Newmark Implicit and Central difference methods are presented in fig-
ures 3.5(a) and 3.5(b) for free and forced vibration respectively. Both methods show a
good match for both frequency and amplitudes of motion for the free vibration behaviour.
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Figure 3.5: Time marching techniques to model Duffing oscillator in free and
force vibration states. Parameters used : m = 1,d = 0.2,k = 1,knl = 10, with
free vibration initial condition of [u(0), u˙(0)] = [0.1,1] and forced excitation
with zero initial condition: F(t) = 100 sin(0.5t)+10 sin(t)+1 sin(1.5t).
For the forced excitation, there is variation in amplitudes of vibration between the two
methods at large time intervals. However, with reducing the time step size, the errors
can be reduced.
Although time domain implementation is a direct non-linear form implementation with
capturing the non-linear effect to a good accuracy, it is computational costly. The Newton
iteration used to solve non-linear problem, has often problems with convergence which
also depends on the initial guess value. Explicit method being faster than implicit can
be used, but the explicit methods suffer the in-stability issues with respect to the time
and space discretization for large systems used in FEM. Following section discusses the
frequency domain representation of non-linear system like Duffing’s oscillator.
Frequency domain
The disadvantage of time domain description are overcome here by describing the vibra-
tion equation in frequency domain, to describe the stationary part of the solution. One of
the methods used to describe the non-linear system in frequency domain is the Harmonic
Balance Method (HBM). The harmonic balance method is the transformation of the non-
linear forcing term into series of Fourier coefficients, such that the non-linear vibration
equation is transformed into a equation involving Fourier terms as the unknown primary
variables. URABE (1966) [116] was one among the first to present the method. Later
LAU AND CHEUNG [24, 60] extended the method and is referred as Incremental HBM.
The incremental HBM was used to solve a beam structure with local cubic non-linearity
[60]. The conventional HBM involves two steps. First step is to determine the linear dy-
namic stiffness matrix and in second step the non-linear forces are represented in terms
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of Fourier coefficients. Following equations show the representation of the Duffing’s os-
cillator using HBM.
u(t) = u0+
NH∑
n=1
u2n−1cos(nωt)+u2nsin(nωt) (3.32)
u˙(t) =
NH∑
n=1
−nωu2n−1sin(nωt)+nωu2ncos(nωt) (3.33)
u¨(t) =
NH∑
n=1
−n2ω2u2n−1cos(nωt)−n2ω2u2nsin(nωt) (3.34)
The non-linear cubic term of the Duffing’s oscillator can be rewritten in Fourier coeffi-
cients as,
u(t)3' r0+
NH∑
n=1
r2n−1cos(nωt)+ r2nsin(nωt). (3.35)
The Fourier coefficients of the non-linear term (r0, r2n−1 and r2n) are calculated by inverse
Fourier transformation as,
r0 =
1
T
T∫
0
u0+ NH∑
n=1
u2n−1cos(nωt)+u2nsin(nωt)
3 d t.
r2n−1 =
2
T
T∫
0
u0+ NH∑
n=1
u2n−1cos(nωt)+u2nsin(nωt)
3 cos(ωt)d t.
r2n =
2
T
T∫
0
u0+ NH∑
n=1
u2n−1cos(nωt)+u2nsin(nωt)
3 sin(ωt)d t. (3.36)
Replacing above equations in the Duffing’s oscillator equation (3.28), non-linear cubic
stiffness terms in frequency domain is obtained. A sinusoidal force excitation with as-
sumptions of u0 = 0 and r0 = 0 are used to analytically calculate the non-linear Fourier
terms with a reduced size of the problem.
−mω2u1+dωu2+ku1+ 34knl

u1
3+u1u2
2

= 0. (3.37)
−mω2u2−dωu1+ku2︸ ︷︷ ︸
linear part
+
3
4
knl

u2
3+u2u1
2

︸ ︷︷ ︸
non-linear part
= F0. (3.38)
Solving equations (3.37) and (3.38) for both forward and backward sweep of sinusoidal
excitation, results in two different frequency response spectrum, as shown in figure
3.6(a). The Duffing oscillator having the cubic displacement term suggests existence
of the three solutions, with all three stable solutions existing in the range of angular
frequency (1.6 - 2.3) rad/s.
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(b) Harmonic Balance with continuation method
Figure 3.6: Duffing’s Oscillator in frequency domain with region of instability-
cubic term having all three valid equilibrium solutions. Parameters Used :
m= 1,d = 0.2,k = 1,knl = 1, F(t) = sin(ωt).
The HB equation when solved using the newton iterations can only yield one solution in
a sweep direction and hence leads to two different branches with respect to sweeping di-
rection. With use of continuation methods, the non-linear frequency response behaviour
in the unstable-hysteresis region can be captured, see figure 3.6. This is similar to arc
control method used in non-linear mechanics [117]. In the continuation method, the
residue equation is modified with inclusion of frequency also an unknown variable.
R(u1;u2)
!
= 0 → R(ω;u1;u2) != 0. (3.39)
The linear system have no influence of excitation amplitude on the frequency response
function. For a non-linear system, with increase in the excitation amplitude change in
the frequency response function amplitude and the resonance frequency is obtained. For
a non-linear system like the Duffing Oscillator, the non-linear behaviour with respect to
excitation amplitude is shown in figure 3.7.
HBM with one harmonic is not sufficient to capture the higher and sub-harmonics existing
in non-linear system. Work of CARDON ET.AL [16, 17] and other authors on multi har-
monic balance method have been successful in modelling the higher and sub-harmonics.
The Alternating Frequency Time (AFT) domain representation [15, 17] have been helpful
in terms of dealing strong non-linearities. One of derivatives and approximate method of
AFT is High Dimensional-Harmonic Balance Method (HD-HBM) [65, 66]. The HD-HBM
is advantageous in capturing the higher harmonics of the system with requirements of no
analytical expression of non-linear terms in Fourier coefficients. Following steps describe
the usage of HD-HBM for Duffing’s oscillator.
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Figure 3.7: Non-linear behaviour of Duffing’s Oscillator in frequency domain
using Harmonic Balance Continuation method with one harmonic.
Step 1: Representing (2NH +1) harmonics for displacement Fourier coefficients with
(2NH+1) equally time spaced displacement in the time domain.
Uˆ = TIFFTU˜ , (3.40)
Uˆ =

u0
u1
u2
.
.
.
.
u2NH

; U˜ =

u(t0)
u(t1)
u(t2)
.
.
.
.
u(t2NH)

; TIFFT =

1/2 1/2 ... 1/2
cos(t0) cos(t1) ... cos(t2NH)
sin(t0) sin(t1) ... sin(t2NH)
cos(2t0) cos(2t1) ... cos(t2NH)
sin(2t0) sin(2t1) ... sin(t2NH)
. . .
. . .
. . .
cos(NH t0) cos(NH t1) ... cos(NH t2NH)
sin(NH t0) sin(NH t1) ... sin(NH t2NH)

.
Step 2: Defining the cubic non-linearity and excitation forces in (2NH+1) equally time
spaces as,
R˜=

u(t0)
3
u(t1)
3
u(t2)
3
.
.
.
.
u(t2NH)
3

; F˜ =

F(t0)
F(t1)
F(t2)
.
.
.
.
F(t2NH)

. (3.41)
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Step 3: Transforming the representation of the HBM equation to HD-HBM, by transform-
ing the Fourier coefficients to time domain using TIFFT and later multiplying by TIFFT
−1,
Klin
 
TIFFTU˜

+knl
 
TIFFTR˜

= TIFFT F˜ , (3.42)
TIFFT
−1KlinTIFFT

U˜ +knlR˜ = F˜ , (3.43)
where, Klin is the linear dynamic stiffness. Above HD-HBM equation (3.43) is defined in
time domain, which can be directly solved using the conventional time marching tech-
niques for a choice of frequency of excitation. It has been shown that the accuracy of the
results improves with increases in the number of harmonics and convergences to analyt-
ical HB solution for number harmonics equal to infinity. Figure 3.8 shows the frequency
response displacements for cases of forward and backward sweeps using one and eight
harmonics. It is clearly seen from the results that forward sweep does not capture any
non-linear resonance using one harmonic but with use of 8 harmonics, the peak ampli-
tude for the forward sweep is correctly captured. In both forward and backward sweep,
the sub-harmonic peak scan be seen for choice for higher harmonics case.
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(a) HD-HBM with 1 harmonic.
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(b) HD-HBM with 8 harmonics.
Figure 3.8: HD-HBM with forward and backward sweep to capture the fre-
quency response of Duffings Oscillator. Parameters Used : m= 1,d = 0.2,k =
1,knl =1, F(t)= sin(ωt). Harmonics amplitude : A0 = |u0| and A1 =
q
u21+u
2
2.
It was also showed later by DAI ET.AL 2012 [30], that the HD-HBM is essentially a de-
rived form of time collocation method. Other methods too, like Non-linear Output FRF
[82], Improved Incremental HB-Galerkin method and many more are proposed by au-
thors in literature for non-linear system representation in frequency domain. But it is to
be realized that with increasing harmonics, the number of equations are increased and
hence the increase in computational efforts. Also, the implementations have been on
the non-linear behaviour for the stationary operation under harmonic loading. The HBM
and its derivatives are not feasible for multi modal excitations like broad band random
excitation. The vibration behaviour with systems having contact is studied briefly in the
next section based on the presented approaches.
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3.1.2.2 Numerical Solution- Vibration with contacts
The Duffing or Van der Pol non-linear oscillator are good academic examples but imple-
mentation of more generalized non-linear constitutive laws, like dry friction contacts is
still very challenging. The complexity come from the change in the state of the system
(stick or slip) under dynamic excitation. This section will give a brief discussion on the
implementation of the time and frequency domain approaches for the constitutive con-
tact laws of Coulomb friction and Mindlin-Catteno contact models. The formulations
related to both Coulomb and Mindlin-Catteno models have been discussed in chapter 2.
m
F
nl
k F
Figure 3.9: A schematic representation of single degree of freedom system
with friction force from contact interface.
Time domain
The non-linear contribution from the contacts is taken as an equivalent term of inner force
(Fnl) in the vibration equation. The non-linear force due to contact can be described
based on the constitutive friction laws. The time domain vibration equation for sdof
systems with non-linear force term is presented below as,
mu¨(t)+du˙(t)+ku(t)+ Fnl = F(t), (3.44)
where,
Fnl =

Fcsgn(u˙) Coulomb model.
Fc
 
1−

1− u(t)
umax
3/2!
Mindlin-Catteno model.
(3.45)
Figure 3.10 shows the time displacement response of a sdof system for free vibration
using the two models of dry friction contact. The system is solved with zero viscous
damping input and the damped response is completely due to the influence from the
contact damping. For the Coulomb model, there stick and slip state. The transition point
is defined for a critical displacement limit, above which the system slides and below
which the system is in stick phase. However, as discussed in the chapter 2 on contact
modelling for microscopic scales, ideally there exists the micro-slip damping too in the
stick state. This is captured using the Mindlin-Catteno model, which shows a continuous
smooth damped response with region of stick undergoing the micro-slip damping.
48 Chapter 3. Structural Dynamics- Linear and Non-linear systems
0 2 4 6 8 10
−0.1
−0.05
0
0.05
0.1
Time [s]
D
is
pl
ac
em
en
t
(a) Coulomb Model
0 2 4 6 8 10
−0.1
−0.05
0
0.05
0.1
Time [s]
D
is
pl
ac
em
en
t
(b) Mindlin-Catteno Model
Figure 3.10: Free vibrational behaviour of a sdof with Coulomb and Mindlin-
Catteno model. Parameters Used : m=1,d =0,k=1, Fc =1. Initial conditions
are u(t = 0) = 0.1 and u˙(t = 0) = 0.
A sdof having non-linear force due to dry contact leads to generation of hysteresis be-
tween the non-linear force and the displacement. For steady state excitation like a sine
sweep, it is observed that the hysteresis generated is a well defined closed loop with
area under hysteresis associated to contact damping, see figure 3.11. Also, it is observed
that the hysteresis generated is independent of frequency of excitation. However, for the
random excitation the generated hysteresis has chaotic behaviour, see figure 3.12. This
shows that contact formulations for the non-deterministic excitations lead to very com-
plex behaviour, which cannot be directly interpreted as the equivalent damping from the
contacts. Hence, it is concluded that the time domain representation has lot of complexity
when dealing with large models excited under random vibrations.
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(b) Hysteresis for sinesweep input
Figure 3.11: The generation of hysteresis due to steady state excitation based
on the Dahl model for dry frictional contacts under sine sweep excitation.
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(b) Hysteresis for random input
Figure 3.12: The generation of hysteresis due to steady state excitation based
on the Dahl model for dry frictional contacts under random excitation.
Frequency domain
The frequency domain representation for the Coulomb friction is possible with use of
equivalent contribution as Coulomb damping. Based on the energy dissipation for a pe-
riod of oscillation, the equivalent viscous damping for Coulomb friction force is obtained
as,
pid ceqvωU
2
0 = 4FcU0 =⇒ d ceqv = 4FcpiU0ω . (3.46)
Hence, the non-linear force for Coulomb model can be equated with the above expression,
which is similar to the equivalent viscous damping coefficient for structural damping
presented in equation (3.25). Here the equivalent damping has inverse proportionality
to the excitation frequency. This suggest that the damping due to the frictional contacts
can be characterized with structural damping. The important aspect of the equivalent
damping coefficient is the dependence on the amplitude of response U0. The analytical
expression for the displacement frequency response for a sdof with above equivalent
damping expression can be obtained as [51],
kU0
F0
=
(1−(4Fc/piF0)2)
|(1−(ω/ωn)2)| . (3.47)
The displacement response is infinite at the resonance, which essentially relates to the
un-damped resonance behaviour of the system although defined is a equivalent damping.
However, there is certainly an amount of damping (numerator), which damps the systems
with equal values for all the frequencies. Also, the steady state response formulations are
valid for the condition that the excitation force amplitude (F0) is 4/pi times larger than
the Coulomb sliding limit (Fc). While solving in frequency domain i.e. for the steady
state representation, the Coulomb model formulation remains constant and needed is
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a discontinuous switching function. This leads to instability and divergence. Also, the
behaviour of the Coulomb model is essentially to model the behaviour of systems while
under sliding and the behaviour in the stick region with some elastic linear behaviour.
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Figure 3.13: Non-linear frequency response of normalized displacement for
modelling the micro-slip behaviour using Mindli-Catteno model, for sdof sys-
tem with friction see figure 3.9.
Parameters Used : m= 1,d = 0,k = 3000, Fc = 1, F = F0sin(ωt).
The Mindlin-Catteno model representation in frequency domain with equivalent damp-
ing is not possible analytically. A possible implementation is through the use of HD-
HBM method, with calculations of the non-linear force vector in time domain at discrete
harmonic time intervals. Figure 3.13 shows the non-linear behaviour of frequency re-
sponse normalized displacement with increase in the excitation amplitudes. The Mindlin-
Catteno formulation leads to increase in the hysteresis area with increase in the excita-
tion amplitude and hence increase in damping. The increase in the hysteresis area with
change in shape of hysteresis leads to decrease in the equivalent stiffness. Hence, the
resonance frequency of system decreases with increase in excitation amplitude. But the
results show instability near before resonance, which is due to the shortcoming of the
frequency domain representation of non-linearity.
From the study on non-linear vibrations (Duffing’s oscillator and frictional contacts), it
is evident that the numerical techniques provides good approximations to capture the
dynamical behaviour in both time and frequency domain. However the methods do not
look promising for large degree of freedom system under broad band excitations. The
time domain methods experience difficulties in convergence with large computational
time. The frequency domain methods require higher harmonics, which leads to large
model size. The random excitations too cannot be captured with family of HB meth-
ods. These observations with conventional techniques motivates to build a new model
to capture non-linearity and is feasible for large systems under broad band excitations.
The quality of the simulation results are always validated with measurement results. The
next section discusses the different experiment methods for system identification through
data acquisition and analysis.
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3.2 System Identification : Experimental Methods
The system identification relates to identifying the essential system parameters having
influence on the dynamical behaviour. The concept of building the experimental modal
model to estimate the dynamical characteristics of natural frequency, damping and mode
shapes of a structure is referred as Modal testing. The experimental model is a two stage
process of data acquisition and data analysis. The data acquisition relates to measure-
ment of the raw data. The data analysis relates to interpretation of measured data in a
simplified form. The experimental methods for vibration testing are used for the vali-
dation of the analytical or numerical models. Hence, the experimental results with sub-
stantial accuracy are required. The Modal testing for estimation of modal parameters is
usually divided into two approaches, based on the application. The first method is Exper-
imental Modal Analysis (EMA). Here the structure is excited with a known input, with
an aim to obtain the natural dynamical behaviour of the system. The other approach is
Operational Modal Analysis (OMA). Here the structural response for the field conditions
with unknowns excitation force is considered and parameters estimation are made based
only on the measured data. The discussion on the fundamentals of modal testing can
be found in EWINS(2000). This section will discuss the topics of data acquisition and
parameter estimation techniques for data analysis.
3.2.1 Experimental Data Acquisition
As the experimental results are used for the validation process, required is good quality
and accuracy of the measured data. The various factor that can influence the quality of
measurement data are required to be controlled like- optimal experimental set-up, uni-
form and constant environment temperature, de-coupling of set-up to ground and other
external vibrations etc. The following section will discuss the most common excitation
types and measurement techniques used in vibration analysis.
Excitation
The type and magnitude of excitation influences the system response. Excitations can be
a single point or multipoint excitation for a structure. Important is the location of the
excitation in modal testing, such that all the modes in the required frequency range can
be excited. There exists different types of excitation, which can be characterised into two
forms i.e. closed loop and open loop excitations. A closed loop controlled excitation is
essentially an experiment setup with a feedback system, such that the input excitation
can be controlled to some predefined user values, for example electrodynamic shaker
excitation. The open-loop non-controlled excitation are the cases where the excitation
can be measured but not controlled, for example modal hammer impulse excitation etc.
The excitation types are discussed in following topics.
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Figure 3.14: Amplitude controlled harmonic excitations used in experiments.
A harmonic excitation refers to exciting the structure with a mono-frequency periodic
signal. This excitation method is used for the modelling of systems to describe the steady
state behaviour. There are essentially two types of the harmonic excitations- sine sweep
/ chirp and step sine excitations. A sine sweep excitation is essentially sweeping up or
down the frequencies in a specific range. Figure 3.14(a) shows an example of swept
sine signal with constant amplitude in the frequency range of 0-100 Hz. There exists
different sweeping techniques like- linear, exponential, log sweep etc. Although, sine
sweep is a faster way to get the response of a structure for wide range of excitation
frequency, but it cannot measure the peak amplitude to good accuracy. On the contrary,
the step sine methods are very good in terms of providing the measurement of amplitudes
of the response with very good accuracy. Here the structure is excited with every single
frequency for a certain number of periodic oscillations or fixed time duration. This leads
to very long duration of measurement for a systems having broad band frequency range
of excitation. A representation of the step sine signal is shown in the figure 3.14(b).
b. Random Excitation
Unlike swept sine or stepped sine excitation, the field conditions experiences excita-
tions which are essentially random in nature. The random excitations are class of non-
deterministic and non-periodic signals, such that the precise magnitude at a specific time
cannot be found nor be defined using a mathematical function [106]. For experimen-
tal testing for random excitations, the random signals are characterized using statistical
distribution functions such that the magnitude of the input signals can be determined.
The data is fitted with standard probability distribution function, such that the statistical
parameters like mean, standard deviation and rms values of input amplitude can be cal-
culated. For experimental testing, an equivalent random time signal profile is generated
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using the electrodynamic shaker. The time signal is generated with preserving the statis-
tical parameter of rms amplitude, provided as an user input in some specific frequency
band. Figure 3.15 shows an example of a random power spectral density profile [PSD-
Power Spectral Density ((m/s2)2/Hz)] excitation and its equivalent time signals based
on the inverse FFT of the frequency spectrum signals. The input profile is generally given
as an input in the PSD units with discrete frequency and the interpolation between the
frequency values are performed with a constant sample frequency.
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Figure 3.15: An example of input PSD profile on log-log scale with PSD values
for set of frequency points specified by user in shaker settings (left). The equiv-
alent time signal for PSD input profile used by conventional electrodynamic
shaker to excite the structure for given input PSD profile with rms acceleration
value of 45.2090 m/s2 (right).
c. Impulse Excitation
Two types of impulse excitation methods are possible- roving measurement or roving ex-
citation. In roving measurement, the measurement is taken at different locations of the
structure while the excitation location remains fixed. In roving excitation, the excitation
is provided at different locations while the measurement point remains fixed. For linear
systems having the property of reciprocity, both roving measurement or roving excitation
give the same results. The impulse excitation method is more easy and fast way of data
acquisition. The impulse excitation is accomplished using a modal hammer. The system
response is ideally the natural behaviour, as the excitation hammer is not connected to
the structure. The choice of a modal hammer tip is important for the frequency range
required to be excited. For narrow and broad frequency ranges- a soft and hard tip ham-
mer are used respectively. This is explained as follows, the width of the impulse signal
profile ideally governs the frequency range that can be excited, with constant amplitude
of excitation in that frequency range. A soft and harder tip leads to broad and thin widths
of the impulse profile respectively, shown in figure 3.16.
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Figure 3.16: Conventional impulse excitation from hammer- with hard and
soft tip showing the range of frequency excited.
Measurement
A single point measurement is possible by use of an accelerometer sensor or Laser vi-
brometer, where the accelerometer sensor measures the acceleration and laser vibrom-
eter measures the velocity. For a roving measurement using accelerometers, there can
be many accelerometers placed at different locations and measured simultaneously. This
leads to addition of large external mass to structure from accelerometers and hence ef-
fects the dynamical characteristics. Laser vibrometer can be used for roving measurement
by moving the Laser point at different locations for measurement. But the Laser can mea-
sure only upto certain levels of vibration amplitudes. Hence, a balance has to be found
according to the limitation and application of both methods. When building up the mode
shape of a structure, it is required to measure sufficient number of points so as to have
smooth deformable continuous shapes. A fast and abstract approach of deciding on the
quality of the measured data is through the calculation of coherence. Coherence defines
the correlation between two signals, here in EMA between input and output signals. Unit
value of coherence accounts for very good accuracy of measured data. The coherence
can be evaluated reasonably by averaging the measured data. The measured data in
time domain is transformed in to frequency domain and the averaging is done for the
frequency spectrum signals. With use of averaging, the effect of noises can be reduced
and reproducible results can be obtained. Windowing functions are used to improve the
signal leakages effects. Some of the typical windowing functions used in measurements
are for random excitations- Hanning/Hamming window is used for the response signal,
for impulse excitation- force window is used for the input force excitation signal and
exponential window is used for the response signal.
A Transfer Function (TF) is defined as the ratio of the output signal to the input signal.
For the specific cases where the excitation units are of force, it is referred as Frequency Re-
sponse Function (FRF). For displacement, velocity and acceleration being the measured
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output signal, the FRF is defined as dynamic compliance, mobility and inertance FRF’s
respectively. FRF’s are of most importance in measurements for system identification.
Linearity is defined on three principles of- superposition, homogeneity and reciprocity,
i.e FRF has no dependence on the excitation type, no dependence on excitation ampli-
tude and no dependence on switching between roving measurement-roving excitation
respectively. The non-linearities are of different kinds, like a local non-linearity based on
joints, which have significant influence on the global behaviour of system. With different
excitation amplitudes, a linear system shows no change in FRF but a non-linear system
shows different FRF. An example of two beam fastened with 4 bolted joints [see Test
Structure in chapter 5] shows the variation in FRF, when excited with different levels of
excitation amplitude, identifying the presence of non-linearity in system, see figure 3.17.
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Figure 3.17: FRF for sine sweep excitation with shaker stinger experiment
for set of different excitation amplitudes, for a double layered beam with non-
lineat contact surfaces (see Test Structure in chapter 5).
3.2.2 Experimental Data Analysis
After successful accomplishment of data acquisition, a modal model can be developed to
estimate the resonance frequencies and modal damping ratios. There exists many differ-
ent mode indicator and parameter identification algorithms. Among different algorithms,
main classification is done into a temporal or spatial based algorithms. The temporal al-
gorithms (time/frequency measured data) in the first step estimates the modal frequen-
cies or poles and in the second step it estimates the spatial information like mode shapes
for the corresponding modes. The spatial algorithm is a reverse approach of temporal al-
gorithm, where first the mode shapes are estimated and then the modal frequencies [3].
56 Chapter 3. Structural Dynamics- Linear and Non-linear systems
Comparison between different modal identification algorithms is presented in [92, 93].
There has been significant advances in the modal parameter estimations for the OMA,
among different techniques the OMAX algorithm is one of the most robust and accurate.
The Transfer Function or FRF from measurements can be expressed into two conventional
representations- rational fraction form and partial fraction form. The rational fraction
form is a ratio of two polynomials, wherein the order of the numerator and denominator
polynomials are independent to each other. The denominator polynomial is the charac-
teristic polynomial, with root of the characteristics equation relating to the poles of the
transfer function [96]. Also, the roots of the numerator polynomial relates to zeros of
transfer function.
H(ω) =
m∑
k=0
ak( jω)k
n∑
k=0
bk( jω)k
(3.48)
A rational fraction form of FRF is a curve fitted with the measured FRF, such that the
locations of poles and zeros of the transfer function can be evaluated for the modal pa-
rameter estimation. The curve fitting algorithm finds the unknown coefficients ak and
bk of the numerator and denominator polynomial respectively, with minimizing the error
function. The error calculation is shown in below equation, which is solved later with
use of orthogonality property by extending the FRF in negative frequency axis [96].
ei =
m∑
k=0
ak( jω)
k−hi
 
n∑
k=0
bk( jω)
k+( jω)n
!
, (3.49)
J =
N∑
i=1
e∗i ei = E∗E, (3.50)
where, hi is the measured FRF and J is the squared error. A partial fraction form is a
representation of FRF directly in terms of the modal parameters. The numerator contains
the pairs of complex conjugate residues and the denominator contains poles, as shown
in below equation.
H(ω) =
N∑
k=1
Rk
jω− pk +
R∗k
jω− p∗k
, (3.51)
where, Rk is a constant numerator part of FRF, referred as the residue matrix for mode k.
Also, pk is the pole location. This representation of FRF matrix is curve-fitted with mea-
sured FRF. However, a direct curve fit algorithm is not possible and hence some numerical
techniques for modal parameter estimation are required. The Complex Mode Indicator
Function (CMIF) is one of the most famous and used algorithms in commercial software
for the EMA measured FRF. A CMIF builds a normal matrix as the Hermitian product of
the FRF matrices. Hence, a plot of the eigenvalues of the corresponding matrix on the
frequency axis defines the peak locations as the resonance frequency and the peak am-
plitude as the amount of damping. While the initial approaches were based on the Eigen
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Value Decomposition (EVD), further advances in CMIF realize better estimation based on
Singular Value Decomposition (SVD) [2], as shown in below equations.
(H(ω))H(H(ω)) = V (ω)[Λ(ω)]V (ω)H , (3.52)
H(ω) = V (ω)[Σ(ω)]V (ω)H , (3.53)
wherein, (H(ω))H is the Hermitian matrix of FRF, Λ(ω) is the eigenvalue and Σ(ω)
is the singular value. Although the magnitudes of the normal matrix are same in both
approaches of EVD and SVD (asΛ(ω)=Σ(ω)2), but the EVD have real valued eigenvector
and SVD has complex valued singular vectors. The SVD approach can be described for the
imaginary part of FRF, but it is only applicable for the dynamic stiffness or receptance FRF
[2]. The CMIF is essentially a spatial domain algorithm [86], with estimation of modal
vectors in the first stage and the estimation of the modal frequencies and modal scaling
constant in second stage. The terms used in equation (3.51) are further broken down
into representations of dynamical quantities to have the understanding for the modal
parameters :
pk =−σd(k)+ jωd(k), (3.54)
where, σd is the damping constant or stability and the ωd is the damped modal fre-
quency. The modal damping ratio and natural frequency for mode k is calculated based
on the damped frequency and stability as,
ξk =
σd(k)p
σd(k)2+ωd(k)2
, ωn(k) =
Æ
σd(k)2+ωd(k)2. (3.55)
The residue matrix is also referred as modal constant matrix. It is the product between
the displacement vectors measured at different locations for every frequency step k, as
shown in below equation.
Ri jk = qkuiku jk. (3.56)
Here qk is referred as modal scaling constant or the modal participation factor. The
modal scaling constant can be evaluated based on the principle of modal superposition
and reformulation of the mass matrix in terms of diagonal matrix of modal masses, for
each mode represented in the modal co-ordinates.
qk =
1
2Mkωk
with (uT Mu)k = Mk. (3.57)
For a measured driving point FRF, assumption of unit modal masses leads to estimation
of modal constant as a function of only modal frequencies i.e. qk = 1/2ωk.
The curve fitting of the FRF is essentially very efficient for a system experiencing largely
distinct separated modes. With modal coupling and closely spaced modes, the curve fit-
ting techniques requires emphasis on the proper identification in the mode pairs in the
selected frequency range. The common curve fitting techniques are distinguished into 4
ways- local SDOF, local MDOF, Global fitting and Poly Reference [63]. The EMA predic-
tion for modal parameters is applicable for lightly damped linear system. With systems
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incorporating high non-linearity, the modal parameters estimation is not proposed with
an unique approach. Some of the works done in identifying the non-linearity and its
applications on modal analysis have been presented in [18, 121]. The present commer-
cial software’s like LMS Test Labs, MEScope VES, PULSE Modal Test etc, are designed to
estimate modal parameter with good accuracy. Also, these software have possibility to
perform the complexity check on the measured data.
Summary
This chapter discussed the numerical and experimental techniques to describe the vibra-
tional behaviour of structures. The numerical implementation of the structural dynamics
is described in both time and frequency domain. Implementation of various numeri-
cal techniques for classical Duffing’s oscillator is presented to describe the non-linear
behaviour of mechanical systems in both time and frequency domain. Later, the im-
plementation of the non-linear constitutive contact laws in vibration equation is done
to discuss the limitations of the constitutive equations and their numerical implementa-
tion. The time domain representation although has good prediction but requires large
computational time, especially when dealing with broad band excitation and large mod-
els. The frequency domain implementation using family of harmonic balance methods
improves the computational time but are restricted to the periodic excitations and still
non-feasible for large models. The numerical convergence is also difficult for both time
and frequency domain representations for large and complex structure solved based on
a non-linear governing laws. The complexity and disadvantages of non-linear represen-
tation motivates to have a new model, which is capable of describing the influence of
contact for large and complex structures with improvement in computational time. The
chapter also describes the experimental techniques used for measuring and quantifying
the vibrational behaviour of structures. These experiment techniques will be used in
chapter 5 for making comparison between the experimental and simulation results.
Chapter 4
Non-homogeneous Local Linearized
Contact Model
The complexity of modelling a non-linear system, especially for the source of non-linearity
from contacts, has been discussed in the preceding chapters. Although the numerical
methods provide an advantage of solving the non-linear formulations to considerable ac-
curacy, there exists a demand on the improvement of the convergence rate and computa-
tional efficiency. To achieve a balance between modelling the non-linear behaviour and
an easy-efficient implementation on large system, this thesis proposes a new methodology
of modelling contact interface. The proposed new model is motivated by characterising
the contact interface as combination of discrete local linear elements, whose spatially
varying contributions lead to a non-homogeneous description on the global level. This
chapter describes the new modelling approach in two phases- definitions of the equiv-
alent contact stiffness and contact damping. The contact stiffness definition are based
on the work of BITTNER [13], which has been extended with inclusion of the pre-stress
deformations for the dynamical excitation like random excitation. The contact damping
definition has been developed based on the observation from the numerical investiga-
tions. Later, at the end of the chapter, the implementation of the proposed new model in
finite element method is discussed.
4.1 Contact Mechanics : Formulations
A brief introduction to the numerical modelling of contact mechanics for continuum bod-
ies is presented in this section. Previous chapter showed some numerical techniques of
solving vibration problems with non-linear contact laws, but they have been solved for
a sdof system. With use of the finite elements, extension to mdof system is possible. In
the literature, an extensive study on topics of numerical modelling of contacts for finite
small and large deformations are dealt by authors like LAURSEN AND SIMO [61], WRIG-
GERS [122–125], KONYUKHOV AND SCHWEIZERHOF [58], YASTREBOV [126] and many
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more. A contact between two bodies is defined as the combination of two problems-
normal and tangential contact problem. The normal contact problem deals with mod-
elling of penetration behaviour and the tangential contact problem deals with modelling
of in-plane relative motion between the bodies. The elastic deformations based on the
continuum theory, with infinitesimal small deformation and relative displacement are
briefly discussed here.
Figure 4.1: Contact between two deformable bodies at ∂ΩC based on projec-
tion of normal vector from slave to master body with traction field continuity
at closed contact status.
A contact between two 3-Dimensional bodies (Ω1,Ω2) is characterized by a common
boundary (∂ΩC) leading to a finite contact area, such that there is a continuity of traction
field at the common boundary, see figure 4.1. For two bodies in contact, the contact
status is defined based on the non-penetration condition, motivated from the Signorini
conditions [126]. A non-penetration condition is similar to calculation of the minimum
normal distance between two convex bodies, based on projection method. The normal
distance between the bodies is calculated as [124],
gN =

u(2)−u(1) ~nN12+ gN0≥ 0, (4.1)
where, u(i) is the displacement of the ith body with normal vector of ~nN12 projected
from body 1 to 2. Also, gN0 represents the initial gap between the two bodies. The
perpendicular to the normal vector gives the tangential vector, required to define the
tangential displacement similar to the calculation of a normal gap (4.1). At the contact
region, the curvilinear co-ordinate system is used for tracing the curved surfaces using
tangential vectors [124].
g T =

u(2)−u(1) ~nT12+g T0. (4.2)
4.1. Contact Mechanics : Formulations 61
The continuity of the tractions on the contact surface is idealized with Newtons law of
reaction. The traction in the normal direction is related to the contact pressure and in
the tangential direction is related to the shear stresses.
pN = −pN1 = pN2.
t = −t 1 = t 2. (4.3)
For no penetration condition, the normal displacement for the normal contact problem
is generalized in terms of the inequality condition as gN ≥ 0. This can be disintegrated
into two forms : closed contact as gN = 0 and open contact as gN > 0. Similarly, for the
completely closed contact condition the normal traction (or pressure) is non-zero and
for the open contact condition normal traction is equal to zero. Both the conditions on
normal displacement and pressure can be combined to formulate the complete normal
contact condition, as shown in equation (4.4). This condition for normal contact is similar
to the Kuhn-Tucker condition in the optimization theory. The optimization problem is
associated with the weak form of the elasto-dynamics, where the objective function is to
minimize the residuum with constraint conditions as the contact conditions.
Open contact gN≥ 0→ pN = 0.
Closed contact pN≥ 0→ gN = 0.
Constraint condition pNgN = 0, with gN≥ 0 and pN≥ 0. (4.4)
The generalized discretized weak form of elastodynamics with contacts contribution is
presented as,∫
Ω
δuˆTNTNρ¨ˆu d∂Ω+
∫
Ω
δuˆTDTCDuˆ dΩ =
∫
∂Ω
δuˆTNT t d∂Ω+
∫
∂ΩC
δgˆ TNT td∂ΩC
+
∫
Ω
δuˆTNTρb dΩ. (4.5)
As mentioned earlier, the weak form of elastodynamics represents an optimization prob-
lem, which can be solved using the conventional techniques like Penalty method, La-
grange multipliers method and Augmented Lagrangian method. A virtual stiffness like
a penalty term is added in the Penalty method, to allow penetration of contact surface.
Due to an additional stiffness in the system, the functional tends to be smooth and no
additional constraint equations are required. But the choice of the penalty term is how-
ever based on trial and error, as small values lead to large penetration and large values
lead to ill-condition of global matrix [55, 124, 126]. A Lagrange multiplier method in-
cludes an extra reaction force constraint condition, such that the search for a minimum
point is transformed to solving for the saddle points. Due to the additional constraint, the
size of problem is increased and has a non-smooth behaviour, but the solution obtained
is exact [81, 103]. An Augmented Lagrange method is a combination of both Penalty
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and Lagrange multiplier method, having the advantages of both methods to obtain the
exact solution with smooth functional behaviour. However, the method still experience
disadvantage of the increased size of the problem with increased computational efforts
in implementation [101]. Other advanced algorithms and techniques too have been de-
veloped on foundations of above mentioned methods [124], to enhance the convergence
and stability.
The FEM implementation is accomplished with discretizing the domain using the con-
ventional 3D shape functions, while the contact regions require special discretization.
Among different discretization techniques, the main methods are : node-to-node, node
to surface and surface to surface contact discretization. While node to node discretization
is one of the simplest method, it allows only small deformations and requires conformed
meshes for the master and slave surfaces. The surface-to-surface contact discretization
allows large deformation with modelling being independent from the mesh conformity.
However, the contact pressure is constant over one segment region and the implementa-
tion of the elements are quite complicated in comparison to node-to-node coupling. Mor-
tar discretization techniques have been advantageous to handle non-conforming meshes.
Use of zero thickness elements have been used for modelling the linear and non-linear
contact stiffness for both transient or frequency domain analysis [11, 39, 40, 67].
The constitutive laws for the normal and tangential contact laws have been discussed in
previous chapters 2 and 3. An elastic contact problem with no friction condition is solved
based on the Kuhn-Tucker normal contact conditions. The conventional constitutive law
for frictional contact problem used in most of the commercial software is the Coulomb
friction model. The contact status is defined into two stages of stick or slip, based on
the Coulomb limiting friction values. The description of the states with its corresponding
constitutive modelling is shown in equation (4.6). The Newton Raphson method experi-
ence convergence issues for the change in contact status from stick to slip and vice-versa.
For a better stability, the radial return mapping algorithm in analogy to modelling of
elasto-plasticity is used [67, 102, 124, 128].
Stick :|t |<µpN, ∂∆t
∂∆g T
= k"I,
∂∆t
∂∆gN
= 0,
Slip :|t | ≥µpN, ∂∆t
∂∆g T
= k"

I− t|t | ⊗
t
|t |

,
∂∆t
∂∆gN
=µ
∂ pN
∂ gN
t
|t | , (4.6)
where, k" is the virtual penalty stiffness.
The modelling of contacts based on the continuum laws are presently being used for
industrial applications with arguably good accuracy. However, the implementation and
usage for the complex system under dynamic excitation still remain a challenge with the
present modelling approaches. For large system with moderate non-linearity through the
contacts, emphasis is to have a model which can sufficiently capture the predominant
non-linear behaviour. Also, it should be easy to implement and computationally time
efficient than present techniques.
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4.2 Pressure Dependent Joint
An essential part of dynamic modelling is the determination of the contact stiffness. The
contact traction boundary condition in the weak form defines a consistent tangent oper-
ator based on the contact forces and relative displacements. A generalized full contact
stiffness matrix (or consistent tangent) is obtained as the gradient of the contact forces or
stresses in normal and tangential directions, as shown below in equation (4.7). The stiff-
ness matrix is un-symmetric, as there is a coupling between the normal and tangential
components.
K =
∂ F
∂ δ
=

∂ FN
∂ δN
∂ FN
∂ δT
∂ FT
∂ δN
∂ FT
∂ δT
 . (4.7)
The contacts initiated by external normal loading leads to the initiation of both the nor-
mal and tangential contact. However, for the quasi-static normal loadings (typical exam-
ple of bolted joints to fasten two bodies), the contact behaviour is dominated by large nor-
mal displacements in comparison to negligible tangential relative displacements. Hence
for the normal contact problems, the normal contact stiffness prediction is of more im-
portance than the tangential contact stiffness. The normal contact problem defines the
relationship between the contact pressure and the interface deformation. The stiffness
definition based on these two governing parameters is termed as Pressure Dependent
Joint (PDJ) by BITTNER [13], which describes the state and contribution of the contact
based on the existing pressure at the interface.
A Pressure Dependent Joint (PDJ) forms the basic building step for the dynamical sim-
ulation by providing the contact stiffness to the following modal superposition analysis.
The random analysis is only possible (in present commercial software) through perform-
ing a modal superposition analysis. Hence, the linear system of equations must have
diagonal symmetric dynamic stiffness matrix. The conventional contact models have un-
symmetric stiffness matrix and a non-linear definition based on the constitutive friction
laws. This is not possible to be solved by modal-superposition principles for structures
undergoing random noise excitations. This can only be solved using full transient analy-
sis, which are not feasible due to high computational time. The PDJ model for the normal
contact problem transforms the contact stiffness matrix to a diagonal symmetric matrix
by de-coupling the normal and tangential components, see equation below.
K =

∂ FN
∂ δN
0
0
∂ FT
∂ δT
=
KN 0
0 KT
 . (4.8)
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The argument of decoupling is proposed by PANDE AND SHARMA [80], DESAI ET.AL [33]
and SHARMA AND DESAI [99] for modelling the joint interface with very thin layers, such
that the admissible choice of zero poisson’s ratio leads to zero in-plane stresses [68].
The following discussion in this section explains the creation of the PDJ element and
derivation of the contact stiffness for the normal and tangential directions.
4.2.1 Element Creation
The creation of PDJ elements to accommodate the de-coupled contribution for the nor-
mal and tangential stiffness is discussed here. The PDJ element is implemented in Ansys
v14 software [13]. The element has the possibilities of incorporating both the linear
and non-linear constitutive normal contact laws. The conventional surface-to-surface
contact elements in commercial software do not provide the possibility of performing a
non-linear static analysis followed by modal superimposed steady state or random anal-
ysis. On contrary for the PDJ element, the use of discrete spring elements enables better
controllability to modify the stiffness behaviour and to perform the modal superposition
frequency analysis. The PDJ element creation is a four step process, as shown in figure
4.2.
dist = 0
Step 1 Step 2 Step 3 Step 4
Contact
Element
Target
Element
Figure 4.2: Steps in creation of Pressure Dependent Joint (PDJ) element be-
tween contact and target faces of surfaces in contact
In the first step, the two bodies in contact are meshed and the mating surfaces are dis-
cretized with regular contact and target finite elements. The conventional choice of the
contact surface is the softer material with high mesh density. Due to different geometrical
constraints on the individual structures of an assembled structure, the non-conforming
meshes tend to be unavoidable. In the second step, the effect of non-conforming mesh is
resolved by forming a new target element. The new target element is created between the
contact and old target element, whose orientation is same as that of the contact element.
This leads to a conformed mesh between the contact and target element. In third step, a
constraint equation between new and old target elements is created. This enables a fixed
bonded contact between the two elements. In other words, the displacement results of
the new target element nodes will be transferred directly to the old target element nodes.
In the final step, three dimensional Kelvin-Voigt spring elements are inserted between the
nodes of the contact and new target elements.
Ansys v14 has been used, wherein the surface-to-surface based contact definition from
software is replaced with PDJ elements. The first step of creating conventional contact
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and target elements refer to CONTA174 and TARGE170 elements in Ansys element library
[6]. The constraints between the new and old target elements in the step 3 is performed
using a Multi-Point-Constraint (MPC) contact algorithm, almost like a completely bonded
joint. The Kelvin-Voigt elements are characterized by use of discrete spring elements-
COMBIN14 and COMBIN39, where the former allows only linear behaviour and latter
allows a non-linear behaviour of the spring stiffness [6]. These elements are used for the
point to point coupling between the nodes of the contact and the new target element.
Using these discrete spring elements, the de-coupled stiffness corresponding to the nor-
mal and tangential contact stiffness can be independently assigned. The derivation of
the normal and tangential contact stiffness is explained in the following section.
4.2.2 Contact Stiffness
Normal Contact
The normal contact stiffness for a rough surface can be determined based on the consti-
tutive laws of HERTZ - CEB model, GREENWOOD AND WILLIAMSON and others, as covered
in the chapter 2. The GREENWOOD AND WILLIAMSON model based on the statistical fit
of the surface roughness with choice of exponential distribution of peaks does give a
constructive relation between the normal loading and the deformation of the surface
at meso-scales. The modified exponential distribution (see equation (2.11)) which fits
the Gaussian distribution much better, is used to formulate a relation between the con-
tact pressure and the deformation in terms of penetration. The exponential pressure-
penetration law is presented in below equation [13, 67].
PN = PN0 e
λ(δN−δN0), λ' 1
σr
. (4.9)
In above equation, the contact parameter λ governing the curvature of the exponential
curve is idealized as the inverse of the standard deviation (σr) of the surface roughness.
Each local nodal point in contact will be governed through this exponential pressure-
penetration for the normal contact description. Also, the normal contact parameter λ
is chosen as constant for all local points. The exponential pressure-penetration relation
involves two constants PN0 and δN0, as shown in above equation (4.9). PN0 refers to the
initial contact pressure, when the two surfaces in contact are experiencing no external
loading. This initial pressure cannot be zero, as this leads to a non-physical description
of zero pressure for any or every value of the normal penetration. δN0 is the distance
between the reference planes of two rough surfaces in contact or idealized as the maxi-
mum peak height from the reference plane of the rough surface. The initial penetration
δN0, in general understanding can also be related to the penetration experienced at zero
contact pressure. δN0 is approximately calculated by extending the pressure-penetration
curve backwards with unit slope to meet the negative penetration axis, see figure 4.3(b).
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3D Kelvin-Voigt
Element
(a) PDJ element with non-linear normal and
linear tangential springs elements.
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N1
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δ
N
P
N0
Nonlinear Linear
0-δ
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(b) Exponential law between the con-
tact pressure and penetration.
Figure 4.3: (a) Pictorial representation of PDJ element based on point-to-point
coupling of contact and target surfaces using Kelvin-Voigt elements. (b) The
governing normal contact law based on exponential relation between pressure-
penetration.
A schematic representation of the use of the PDJ element with normal spring having the
non-linear force-deflection behaviour based on the pressure-penetration law is shown in
the figure 4.3. With use of pressure-penetration relation, the local contact stiffness can
be defined for each contact pair using discrete PDJ elements. Due to the unbounded
behaviour of the exponential function, very large magnitudes of pressure are required to
produce very small deformation after certain saturation deformation limit. This leads to
problems of numerical convergence. This problem is handled by performing a transition
from non-linear to linear behaviour for higher pressure values. The pressure at the tran-
sition phase is referred to as saturation pressure PN1 and the pictorial representation of
non-linear and linear regions is depicted in figure 4.3(b). The region before the saturation
pressure uses the proposed exponential pressure-penetration formulation and the region
after the saturation pressure uses a constant slope with a linear relation between pressure
and penetration. This argument is supported by the CEB model, wherein the non-linear
behaviour is transformed to linear behaviour for higher loading, see equation (2.8). The
slope being equivalent to the normal contact stiffness here, is calculated based on the
product of the curvature parameter and the saturation pressure. Figure 4.4(a) shows the
two choices of the pressure-penetration and modified pressure-penetration curve.
The stiffness density KN is calculated as the derivative of the pressure with respective
to penetration. There exists a linear relation between the stiffness density and pressure
with slope value equal to curvature parameter λ. However, as the pressure-penetration
formulation is modified into regions of non-linear and linear, the stiffness density exhibits
two states of linear and constant stiffness. The value of stiffness above and below the
saturation pressure is obtained as,
KN =
dPN
dδN
=

λPN PN≤ PN1.
λPN1 PN> PN1.
(4.10)
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Although the pressure-penetration relation is reduced to a formulation with non-linear
and linear transition to accommodate better convergence, the calculation of stiffness
leads to a switch function based on the pressure values. Hence, it leads to the disconti-
nuity at transition point. This is similar to Coulomb law with stick-slip behaviour, based
on the limiting friction value, which often leads to convergence issues due to an abrupt
change in contact status. A Hyperbolic fit function can be used to have a smooth transition
of the stiffness variation with respect to the pressure increments, as shown in equation
(4.11). This particular fit function forms a good explicit single formulation, with a choice
for the constant ck = 0.85 controlling the smooth transition.
KN =λPN1tanh

ck
PN
PN1

. (4.11)
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(a) Modified pressure-penetration relation.
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(b) Contact stiffness vs. Pressure.
Figure 4.4: Modification in exponential pressure-penetration with non-linear
and linear division based on saturation pressure PN1 = 100N/mm2 (left). The
stiffness with discontinuity at saturation pressure for modified exponential
pressure-penetration law and used hyperbolic fit function to smoothen the
transition phase.
Figure 4.4(b) shows the smooth transition of stiffness at the saturation pressure. The
stiffness density is directly related to the normal contact stiffness density. The contact
stiffness density is hence dependent on the curvature parameter λ and saturation pres-
sure parameter PN1.
Tangential Contact
For the quasi-static loading in normal direction, the normal displacement is higher in
magnitude in comparison to the tangential displacement. The previous section explain-
ing the derivation of the normal contact stiffness based on the pressure distribution is
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sufficient to capture the non-linearity due to the normal loading. The tangential contact
stiffness can then be directly calculated as the product of the coupling factor and the
normal stiffness [13, 67], as previously discussed in the equation (2.23).
KT0 = β0KN, with β0 =
4G∗
E∗ . (4.12)
The coupling factor β0 is based on the composite shear (G
∗) and elastic modulus (E∗)
of materials in contact, see equation (4.12). Equation (4.12) provides an easy way for
calculating the tangential stiffness based on normal stiffness. For increase in amplitude
of steady state tangential loading, equivalent reduction in tangential stiffness can be
achieved by varying the coupling factor. For modal superposition transient analysis, the
non-linear tangential behaviour can be accommodated by use of Elasto-Gleit model [70],
with friction slider governing stick-slip states. For modal superposition random analysis,
the initial contact stiffness is sufficient to define the steady state behaviour for the tangen-
tial contact. To extend the scope of PDJ in modelling contact interfaces with dissipative
terms too, definition of contact damping is required. The following section will describe
the formulation of the damping estimation based on some numerical investigations.
4.3 Dissipation Distribution over Interface
The previous section discussed about the normal and tangential contact stiffness defini-
tion based on the pressure distribution. The contact damping is required to be estimated
in conjecture with contact stiffness, to have the complete contribution of contacts to de-
scribe the global vibrational behaviour of a structure. To have an understanding about
the contact damping, this section tries to solve a full non-linear transient domain analysis-
to study the trends and profiles of the dissipation loss occurring at different locations in
the contact zone. The motivation to perform this analysis is to study shape of profile of
the contact dissipation at contact interface and build an explicit formulation to describe
the contact damping distribution. The section presents set of qualitative numerical inves-
tigations on few simplified examples of beam structure. The governing dynamic contact
law used is the modified Dahl bristle model, as discussed in chapter 2.
4.3.1 Solid 3D Beam- Effect of contact pressure
For the first numerical investigation, an example of solid 3D continuum beam model with
a bolted joint at one end is taken. Figure 4.5 shows the numerical model to be used for
performing the transient non-linear contact analysis. The mass and stiffness matrices for
the solid-tetra/hexa elements are shown in appendix A. At first, the static analysis of the
bolt loading is done based on the formulations presented in previous section on Pressure
Dependent Joint.
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(a) 3D solid beam with bolted joint. (b) Dahl brush element at contact interface.
Figure 4.5: Set-up of a bolted end 3D solid continuum beam model having
contact with a rigid surface, wherein the contact interface is modelled using
modified Dahl formulation. Harmonic excitation is applied at opposite end of
bolted joint.
An equivalent axial force (Fbv) for the bolt twisting moment is calculated based on the
twisting moment (Mb), dimensions of the bolt and coefficient of friction [10, 73] as,
Fbv =
Mb
(0.6µboltdnom)+(0.5µheaddhead)
. (4.13)
Here, dnom is the nominal diameter of the bolt shaft, dhead is the average diameter of the
bolt head, µbolt is the friction coefficient for bolt shaft and µhead is the friction coefficient
under bolt head. Here value of µbolt,µhead = 0.3 is used. The static analysis results gives
the contact pressure over the contact interface, which is used to calculate the limiting fric-
tion force value for the tangential forces. The contact surface between the beam and the
rigid surface is re-defined with modified Dahl spring elements, wherein the initial con-
tact stiffness is calculated based on the gradient of the contact pressure, see section 4.2.
A sinusoidal harmonic excitation is applied at the free end of the beam while the other
end (bolt position) is modelled as fixed boundary condition. The excitation frequency is
chosen as the modal frequency of the longitudinal mode, such that the maximum relative
motion between the beam and rigid surface can be achieved.
1 2 3
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(b) Contact pressure over beam length.
Figure 4.6: Different positions chosen over beam length based on the contact
pressure distribution over beam length for bolting torque of 1 Nm.
The region near the bolt has the maximum normal contact force and the region near the
excitation point has negligible normal contact force. Figure 4.6(a) shows selection of
three points according to their distance from the bolt center. Figure 4.6(b) shows the
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(a) Tangential force vs. relative displacement
for various points at contact interface.
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(b) Normalized dissipation vs. location at the
contact interface over beam length.
Figure 4.7: Hysteresis shapes at the different local nodal points of the contact
interface (left). The normalized dissipation loss due to contacts over the length
of beam (right).
pressure distribution over the interface length. This leads to the maximum relative dis-
placements at regions away from the bolt (near excitation point) and minimum relative
displacements at regions near the bolt. The hysteresis shapes and the corresponding area
of hysteresis at each local nodal point on the contact interface are shown in figure 4.7.
The maximum dissipation is observed at the position 2 over the beam length . It is inter-
esting to see that the area of the hysteresis is maximum at location which is neither very
close to the bolt nor very far from the bolt. This observation is in conjecture with observa-
tions of GROPER [46], wherein it is established that maximum energy is dissipated when
magnitude of slip occurs at border of partial slip and full slip. The observations of this
numerical investigation will be used later in defining the zones of the contact interface
based on the contact dissipation value and hysteresis shape.
4.3.2 Euler Beam- Effect of bolt torque
Further example of the numerical investigations are extended with use of Euler beam
theory modelled using 3-dof beam elements. The corresponding shape function and
beam element mass-stiffness matrices are presented in Appendix A. A beam structure
fastened to a rigid surface with a bolt at the middle of the beam length is used. The system
has a symmetric pressure distribution with respect to the bolt center. Figure 4.8 shows
the finite element model of the beam structure. Three choices of the bolting torque- 1
Nm, 3 Nm and 5 Nm are used. The corresponding normal forces calculated based on
equation (4.13) are 800 N, 2400 N and 4000 N respectively.
Similar to the previous solid 3D element example, the PDJ model is used to obtain the
contact pressure distribution based on individual choices of bolt loads. The Coulomb
friction limit (friction coefficient µ= 0.3) and the contact stiffness is calculated from the
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Figure 4.8: Euler beam element with 3-dof having bolt load at the middle of
the beam and harmonic excitation applied at free ends in opposite directions.
pressure distribution. The rotational dof of the beam element is coupled to the contact
spring element, with rotational stiffness calculated as the product of the normal stiffness
and the half of the beam thickness [38]. The nodes associated to bolt center are fixed
and the two ends of the beam are excited sinusoidally in the opposite direction.
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Figure 4.9: Effect of the bolt load on the dissipation profile over the contact
interface length.
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Figure 4.10: Effect of the bolt load on the position of the maximum dissipation
and the cumulative dissipation.
Figure 4.9 shows the normalized area of hysteresis or dissipation over the normalized
length of the beam for 1 Nm, 3 Nm and 5 Nm bolting torques. The important observation
is to see the shifting of the maximum dissipation location with respect to increasing bolt
load. As the bolt load increases, the position of the maximum dissipation over contact
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interface length shifts away from the bolt center. Also, with higher normal bolt loading
(for 3 Nm and 5 Nm), the position of maximum dissipation is approximately the same and
is assumed to stabilize with further higher loads. The effect of bolt load is summarized in
figure 4.10. It is concluded that with increase in bolt load, the cumulative losses decreases
and the position of maximum dissipation shifts away from bolt center.
4.3.3 Double Rod- Effect of excitation
The numerical investigations associated to the beam model had two important obser-
vations : the dissipation is maximum at some optimum intermediate location from the
bolt center and the position of maximum dissipation shifts with respect to variation in
the contact pressure distribution. These numerical investigations were done with a con-
stant amplitude of the harmonic excitation. But as discussed in the previous chapter on
structural dynamics, the increase in the excitation amplitudes leads to the increase in the
non-linear behaviour of the systems having contact interface non-linearity [see non-linear
FRF shapes in figures 3.13 and 3.17, chapter 3]. Hence, it is recommended to extended
the numerical investigation for studying the influence on the dissipation trend due to the
excitation amplitude. A double rod structure fastened at one end using a bolt is used
for the numerical investigation, see figure 4.11. As the contact dissipation is essentially
observed for two surface experiencing the in-plane relative motion between each other,
the 1 dof rod element with translation dof is justified to be used for numerical modelling
and investigation for dissipation trend.
Figure 4.11: Double rod structure set-up with fixed ends. The harmonic exci-
tations applied in opposite directions for each rod at the free end.
The pressure distribution obtained in the previous beam example for 1 Nm bolting torque
(800 N) is used to calculate the coulomb limit of friction. Three choices of the harmonics
excitation amplitude are taken : 1 N, 10 N and 100 N. The excitation is applied at the
free end of the two rods in contact, but in the opposite directions as shown in figure 4.11.
This results in the maximum possibility of relative displacement between the two rods.
The bolt center is treated as the fixed end, depicting a model of cantilever double layered
beam. It is clear from the set-up, that the maximum relative displacements will be near
the excitation point and the maximum Coulomb limiting friction is at the fixed end.
Figure 4.12 shows the contact dissipation results associated with 1 N, 10 N and 100 N
of excitation amplitudes. The figure show the dissipation trend and the corresponding
hysteresis at the nodal points over the contact interface length. The hysteresis shapes and
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Figure 4.12: Hysteresis shapes at the different local points of the contact in-
terface (left). The hysteresis loss over the interface length for 1 N, 10 N and
100 N of excitation amplitudes (right).
area for both upper and lower rods are equal. The main observation from the previous
beam problem investigations, i.e. the maximum dissipation is at an intermediate location
over contact interface length, is also obtained here (for all excitation amplitudes). Also,
with increase in the excitation amplitude, the area of the hysteresis is also increased,
similar to experimental observation by GAUL AND LENZ [36, 64].
The hysteresis shape related to 1 N excitation amplitude associates to Mindlin shape, at
almost all nodes of the contact interface. The 10 N excitation amplitude transforms the
hysteresis such that the nodes near the bolt center resemble thin Mindlin shape, nodes
away from bolt center resemble Coulomb hysteresis and intermediate nodes resemble
combination of both Mindlin and Coulomb hysteresis shapes. With higher excitation am-
plitude of 100N, the large part of the contact interface experience Coulomb hysteresis,
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Figure 4.13: Effect on the dissipation profile over contact interface length with
respect to the variation in the excitation amplitudes.
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Figure 4.14: Effect of the excitation amplitude on the position of the maxi-
mum dissipation and the cumulative dissipation.
related to complete sliding. Figure 4.13 shows the dissipation trend over the normalized
length of the beam for all three excitation amplitude in one plot. For large excitation
amplitude of 100 N, the dissipation curve has large width (broad) in comparison to 1
N and 10 N excitation amplitudes. The other important observation is the shifting be-
haviour of the position of the maximum dissipation with respect to the variation in the
excitation amplitude. With increasing excitation amplitude, the position of the maximum
dissipation shifts towards the bolt center. This is also a valid result which is explained as
follows. With increase in the excitation amplitude, every local contact pair experiences
increase in the relative displacement. This leads to both increase in the hysteresis area
and change in the hysteresis shape. This leads to a new local point near bolt center which
has optimal pressure and relative displacement to give maximum dissipation. The influ-
ence of excitation amplitude on the shifting behaviour and cumulative area of hysteresis
is summarized in the figure 4.14, wherein with increase in excitation amplitude- the cu-
mulative dissipation increases and the position of maximum dissipation shifts near the
bolt center.
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A very important observation to be visualized is the shape of the dissipation curve over
the contact interface length, for all cases of numerical investigations. The dissipation
profile for all cases start from zero, attains maximum value and then tends to zero, see
figures 4.7, 4.9 and 4.13. This suggests that the dissipation profile can be captured using
classical statistical distribution functions. The shifting of maximum dissipation location
can also be controlled using the statistical parameters like mean and standard deviation.
The observations from the numerical investigation of dissipation trend and shape over the
contact interface lays the foundation for the defining of damping, discussed in following
section.
4.4 Damped Pressure Dependent Joint
From the results presented in the previous section- generalizations for the dissipations
trend can be obtained for bolted joints. The dissipation losses are directly associated with
the damping, and a similar trend of the damping over the contact area can be assumed.
The contact stiffness based on the gradient of the pressure with respect to the penetration
and the local damping based on the local dissipation trend over interface length together
defines the model as Damped-Pressure Dependent Joint (D-PDJ). This is essentially the
combination of PDJ and non-homogeneous continuous damping distribution. This sec-
tion explains the formulations for the damping definition with the required parameters
and modifications for the implementation of D-PDJ model in commercial software, like
Ansys v14.
4.4.1 Contact Damping- Statistical distribution
The following conclusions are generalized from the numerical investigations for the beam
structure, with non-uniform pressure distribution over the interface length.
• The maximum dissipation occurs at a region in between the high and low bonding
pressure.
• The shape of the dissipation curve over the interface length resembles a continuous
probability distribution formulation, like the Weibull distribution.
• With increase in the bonding pressure, the amount of dissipation reduces and the
maximum dissipation location shifts away from the bolt center.
• With increase in the amplitude of excitation, the amount of dissipation increases
and the maximum dissipation location shifts towards the bolt center.
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The first observation is of prime interest in defining the zones of the contact region,
with respect to the amount of dissipation existing at interface. Second conclusion is an
important foundation in formulation of an explicit description of the damping. Third and
fourth conclusions motivates the definition of the parameters in the formulation of the
contact damping.
The region of contact interface is divided into three regions, based on the corresponding
value of dissipation existing in the region. The example of beam structure with a bolted
joint at center is recalled for defining the regions. The region near the bolt center expe-
riences a high contact pressure and less magnitude of relative motion. The dissipation
value in this region is low and is referred as the region of stick. The region significantly
away from bolt center experiences low or zero contact pressure and high magnitude of
the relative displacement. The dissipation value in this region too is low and is referred
as the region of sliding. The region in between the stick and sliding, experiences interme-
diate magnitudes of contact pressure and relative displacement but exists large values of
dissipation, is referred as region of micro-slip. The hysteresis shape in region of stick are
either only linear or thin Mindlin shape, associated with purely elastic behaviour. The
region of sliding has purely Coulomb hysteresis shape. The region of micro-slip is essen-
tially the combinations of Mindlin and Coulomb hysteresis shape, associated to region
experiencing the stick, transition and slip states. Figure 4.15 shows the division of the
three regions of stick, micro-slip and slide in a pictorial form. Figure 4.15 depicts the con-
tact pressure distribution and idealized damping profile, having less values of damping
in region of stick and slide and large values of damping in region of micro-slip.
Micro
Slip
Slide
Contact
pressure
Contact
Damping
StickSlide
Micro
Slip
PmPm
Coulomb
friction limit
Figure 4.15: Representation of D-PDJ with division of regions based on the
amount of the damping.
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Although the regions are divided, however required is also the definition of the damping
associated with these three regions. An initial approach that can be assumed is to have
three different values of the damping for each corresponding region. For example micro-
slip region having highest damping say dms and other two regions having damping dst
and dsl for stick and slide regions respectively, with condition dst < dms > dsl. Although
the implementation of this approach is easy, but it does not comply with the physical
phenomenon. At first, this type of definition leads to jump in values of damping while
shifting from one region to other region, which is not physical. Secondly, the emphasis
of this type of definition is based on the prior knowledge of the region boundaries, which
is unknown before solving a dynamical problem. Thirdly, each region cannot have a
constant damping values as there is a continuously varying pressure value which leads
to distinct values of displacements and frictional force for each local point. The above
explanation hence concludes that the definition of the damping must be spatially varying
and continuous. This motivates to use the terminology of non-homogeneous description
of the contact interface to define the proposed contact damping definition .
Referring back to the shapes of the dissipation curve obtained in the numerical investiga-
tion, a statistical fit using the conventional probability distribution functions can be used
to predict the distribution of the continuous damping. As the contact stiffness has been
defined as the function of pressure distribution, it is required to define the damping too
as a function of pressure distribution. Mentioned below are some of the functions used
for defining the distribution of the damping based on pressure distribution.
Inverse damping distribution as a function of the inverse absolute function of the pressure
distribution,
d(x , y) =
dloc
|P(x , y)− Pm| +d
∞. (4.14)
Rayleigh damping distribution as a function of the pressure distribution,
d(x , y) =

P(x , y)
P2m

exp
 
−1
2

P(x , y)
Pm
2!
χr. (4.15)
Normal damping distribution as a function of the pressure distribution,
d(x , y) =
1
σm
p
2pi
exp
 
−1
2

P(x , y)− Pm
σm
2!
χn. (4.16)
Log-normal damping distribution as a function of the pressure distribution,
d(x , y) =
1
P(x , y)σm
p
2pi
exp
 
−1
2

log(P(x , y))− Pm
σm
2!
χln. (4.17)
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In all distribution functions, Pm refers to the corresponding pressure at which maximum
dissipation is assumed to be occurring, χ is the scaling factor in the respective distribution
functions and σ is the standard deviation of the contact pressure distribution. Among
all possible choices, the Rayleigh damping distribution provides both the stable bounded
definition for the damping with only two controlling parameters Pm and χr. The inverse
damping distribution is not a stable function at P(x , y) = Pm and the other damping
distribution require three controlling parameters. Among the two parameters used for
Rayleigh damping distribution, Pm can be further reduced to a location parameter P
loc
m
as,
Pm =
mean
 
P(x , y)

P locm
. (4.18)
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Figure 4.16: Normalized dissipation over the existing contact pressure at mat-
ing interface between 3D solid beam and rigid surface, see figure 4.7. Fit of the
dissipation distribution using Rayleigh damping distribution with Pm = 0.7.
The motivation behind defining the location parameter P locm is to normalize the parameter
Pm. The location parameter P
loc
m is a non-dimensional factor controlling the shifting of
the Pm based on the mean of the pressure distribution at contact interface. For P
loc
m = 1
the maximum dissipation occurs at the mean of pressure distribution, for P locm > 1 the
maximum dissipation occurs below the mean of pressure distribution and for P locm < 1
the maximum dissipation occurs above the mean of pressure distribution. Rayleigh dis-
tribution for the damping with location and scaling factor is used in this thesis for im-
plementation of D-PDJ model. Figure 4.7 shows the normalized dissipation distribution
with respect to local contact pressure for 3D solid beam example (see section 4.3.1).
The Rayleigh damping distribution fits to the numerical results with choice of Pm = 0.7,
calculated based on equation (4.18) with P locm = 1.4. Further discussions on the location
and scaling parameters are studied in conjecture with experimental investigations of the
test structures in the next chapter. The following section will discuss the implementation
of damping definition in conjecture with conventional definitions of contact damping.
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4.4.2 Implementation in FEM- Structural damping
After having formulations for defining the distribution of contact damping based on
Rayleigh distribution, it is required to see the feasibility of its implementation in finite
element codes for solving vibration problems. As discussed in chapter 3 too, the kind of
damping obtained due to the dry frictional contacts is a form of structural or hysteretic
damping [52, 83]. The structural damping often represented by loss factor is indepen-
dent of the frequency of the excitation. Hence, the hysteresis area does not change with
variation in excitation frequency for a constant amplitude of excitation. The loss factor
is a dimensionless quantity and motivates the formulation of the Rayleigh distribution of
damping to be modified in a way that it can be represented as the loss factor. The contact
damping calculated based on the formulation in equation (4.15) has units of [mm2/N]
(inverse of pressure), which does not comply with units of viscous damping coefficient
[N/(mm/sec)]. The Rayleigh distribution damping is converted to equivalent loss factor
ηloc(x , y), as shown below in equation (4.19).
ηloc(x , y) = Pmd(x , y) =

P(x , y)
Pm

exp
 
−1
2

P(x , y)
Pm
2!
χr. (4.19)
The advantage of defining a dimensionless term for damping contribution (ηloc) is to
avoid the emphasis on determining the physical relevance of the different parameters
used in the formulation of the damping definition and also their specific values to be
determined through various experimental investigations. The loss factor can be input
directly in PDJ element and hence referred to as D-PDJ element, as shown in the figure
4.17 describing the element creation. The implementation of the structural damping as
dry frictional contact damping in commercial software like Ansys v14 is accomplished by
using a D-PDJ element. For performing modal analysis and obtaining the results of modal
damping ratios, damped modal strain energy method is used [112]. The modal damping
ratio (ξm) is defined as the ratio of the un-damped modal strain energy to damped modal
strain energy, as shown below in equation (4.20),
ξm =
n∑
r=1
φmη
r
locKφ
T
m
r∑
n=1
φmKφTm
. (4.20)
Figure 4.17 shows the implementation of the physical phenomenon of contacts as com-
bination of the contact stiffness and damping using D-PDJ elements in conjecture with
finite element modelling. Each D-PDJ element is characterized with a three dimensional
spring element (PDJ element) accounting for the normal and tangential directions of
stiffness contribution. In-plane (tangential direction) damper elements of D-PDJ ele-
ment accounts for the contact damping. As the contact damping is associated with the
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Figure 4.17: Division of regions with contact stiffness and damping distri-
bution based on pressure distribution (left). Implementation of D-PDJ using
finite elements (right).
relative motion between the two surfaces, the in-plane definition of the damping is suf-
ficient to account for the assimilated behaviour of the dissipation through contacts. The
normal direction of the damping for the normal contact problems is neglected here and
the inherent material damping is then associated with the normal direction damping for
the global structure.
4.4.3 Implementation in FEM- Contact Parameters
The proposed D-PDJ is derived based on the analytical and numerical model, which is de-
pendent on various parameters to define the equivalent contact stiffness and damping.
The contact parameters used in D-PDJ model are discussed here. The contact param-
eters governing the contact stiffness are curvature parameter (λ), saturation pressure
(PN1) and coupling factor (β0). The contact stiffness has main influence on the modal
frequency of a system, hence these parameters have influence on the modal frequency
of a system. The contact parameters governing the contact damping are location param-
eter (P locm ) and scaling factor (χr). The damping has main influence on the magnitude
of the system response, hence these parameters have influence on the resonance ampli-
tude. This section discusses a possible way in which the values or range of values of
these contact parameters can be obtained. The present discussion on the parameters is
restricted to the room temperature conditions, as no investigation has been done to study
the influence from environmental conditions.
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Stiffness- Curvature Parameter (λ) : The curvature parameter defined in the exponen-
tial pressure-penetration curve is calculated as the inverse of the standard deviation of
the surface roughness, see equation (4.9). The standard deviation of the surface rough-
ness can be measured by approximating the distribution of the asperities with statistical
distribution. The surface roughness varies according to the machining process, whose
typical values for casting, fine machining, grinding and super-finishing are 10, 1-3, 0.25-
0.8 and 0.02-0.4 µm respectively [100]. The corresponding curvature parameter for
these values are 100, 1000-333, 4000-1250 and 50000-2500 mm−1. Figure 4.18 shows
the exponential pressure-penetration curves for different values of curvature parameter,
corresponding to various machining process. As the surface roughness varies with re-
spect to material, specimen’s size and machining process, the values are approximately
defined in some range, as mentioned above. Hence, it is not possible to calculate the
exact value of curvature parameter. The exact value of curvature parameter can be ob-
tained by model updating the simulation results of resonance frequency with respect to
the experimental results.
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Figure 4.18: Exponential pressure-penetration curve for different values of
the curvature parameter λ.
Stiffness- Saturation Pressure (PN1) : The saturation pressure is a numerical parameter
to enhance the numerical convergence of the exponential pressure-penetration curve, see
equation (4.10). The product of curvature parameter and saturation pressure defines the
maximum stiffness. This means a small variation in the saturation pressure has predom-
inant influence on the stiffness. Figure 4.19 shows the normal stiffness variation with
respect to normal pressure for set of different saturation pressure values. For simulation
modelling, first the curvature parameter is calibrated with default value of PN1 = 1 and
then saturation pressure is optimized to match the resonance frequency from experiment.
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Figure 4.19: Contact stiffness density versus contact pressure for different
values of saturation pressure parameter PN1.
Stiffness- Coupling factor (β0) : The coupling factor is used to calculate the tangential
contact stiffness, see equation (4.12). The coupling factor is dependent on the elastic
properties of the two materials in contact and is calculated as,
β0 =
4G∗
E∗ , (4.21)
where,
1
E∗ =
(1−ν21)
E1
+
(1−ν22)
E2
and
1
G∗ =
(2−ν1)
G1
+
(2−ν2)
G2
.
For same materials in contact i.e. G1 = G2 and E1 = E2, the coupling factor reduces to a
function of poisson’s ratio.
β0 =
2(1−ν)
2−ν . (4.22)
Table 4.1 shows values of coupling factor based on the elastic properties of materials in
contact. For Steel-Aluminium contact pair the coupling factor is greater than 1 i.e. the
tangential stiffness is larger than normal stiffness for sticking contact status.
Contact Pair Elastic Constants Coupling constant (β0)
Steel-Steel E1 = E2 = 210 GPa, ν1 = ν2 = 0.3 0.82
Aluminium-Aluminium E1 = E2 = 70 GPa, ν1 = ν2 = 0.28 0.84
Steel-Aluminium E1 = 210 GPa, ν1 = 0.3 1.65
E2 = 70 GPa, ν2 = 0.28
Table 4.1: Coupling constant for different pair of materials in contact.
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Damping- Location Parameter (P locm ) : The damping location parameter defines the
pressure at which maximum damping at the contact interface exists, see equation (4.18).
This parameter is obtained by performing numerical investigation on simplified sub-
model of the structure, as discussed in different examples of section 4.3. The choice
of P locm = 1 is ideal for most of the cases, where the pressure distribution has minimum
value of zero. Figure 4.20 shows Rayleigh damping distribution curve based on equation
(4.19), for different values of the damping location parameter.
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Figure 4.20: Contact stiffness density versus contact pressure for different
values of saturation pressure parameter PN1.
Damping- Scaling Parameter (χr) : The contact damping definition is derived based on
numerical investigations of simplified beam models for set of bolting loads and excitation
amplitudes, see section 4.3. However, to control the limits of damping for large and
complex structures experiencing different levels of dynamic excitation, it is required to
scale the damping distribution to have correct estimation of modal damping. The scaling
factor is updated to match the experiment results of modal damping ratio of the global
assembled structure. From numerical and experimental results of test structures studied
in this thesis, the scaling factor tends to lie in the range of 0.01-10, whose exact value
mainly depends on the bolting load and excitation amplitude.
Model validation of D-PDJ model on set of test structures is discussed in the following
chapter, wherein the values of contact parameters are updated in simulation model to
match the experimental results. The values of contact parameters used for a structure can
be used for other structures, provided they have the same surface roughness and material
coupling interface. For difference in the surface roughness and material pair coupling,
corresponding contact parameters need to be calibrated to match experimental results.
Also, the contact parameters are only applicable for metallic bodies in contact. Further
discussion on the applicability of contact parameter values for different bolt loads are
experimentally investigated in the following chapter 5.
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Summary
This chapter explains the building process and implementation of the new proposed
contact model. The notion used to build the proposed model is that the homogeneous
non-linear definition of contact interfaces can be modelled with an equivalent local lin-
earization and global non-homogeneous definition of contact interfaces. Development
of model is accomplished under four parts. The first part describes the discretization
of the contact interfaces using 3D Kelvin-Voigt elements. The equivalent stiffness and
damping definition is required for the characterization of these discrete elements. The
second part describes the derivation of the equivalent contact stiffness for both normal
and tangential directions. A smoothing function is proposed for the definition of nor-
mal contact stiffness to enhance the numerical convergence. Third part describes the
derivation of equivalent contact damping to describe the dissipation at contact interfaces
under dynamic excitations. Modified Dahl model is used to obtain the dissipation profile
over contact interface of double layered beam fasten with a bolted joint. The important
observation is that maximum dissipation occurs at a region in between the high (near
bolt) and low bonding pressure (far from bolt), wherein the dissipation profile resem-
bles a statistical distribution function. A Rayleigh distribution as a function of contact
pressure is proposed to define the contact damping distribution, with parameters con-
trolling the position at which maximum damping occurs and magnitude of damping. As
both the equivalent stiffness and damping definitions are based on the contact pressure,
the model is referred as the Damped Pressure Dependent Joint model (D-PDJ). In last
part, discussion on the implementation of the proposed D-PDJ in commercial software
for modal superposition analysis is described. Due to use of local linear elements in the
D-DPJ model, it is computationally efficient. With use of non-homogeneous definition of
stiffness and damping in D-PDJ model, the predominant effects of contacts can be cap-
tured. The various contact parameters used in D-PDJ model for defining the equivalent
contact stiffness and damping are listed below.
Contact stiffness Curvature parameter (λ)
Saturation pressure (PN1)
Coupling factor (β0)
Contact damping Location parameter (P locm )
Scaling parameter (χ)
Chapter 5
Model Validation : Parametric Study
In the previous chapter, the mathematical background and implementation of D-PDJ
model was explained. As the proposed D-PDJ model is a novel approach of modelling
the contact interfaces, it is required to validate the model’s capability in capturing the
influences of contacts on the global dynamical behaviour. This motivates to perform an
extensive parametric study of the influencing factors on dynamical behaviour of assem-
bled structure and test the capability of D-PDJ model in capturing the influence of those
factors in the simulation. This chapter discusses the parametric study on the set of test
structures used for the model validation.
Test Structure
55 mm 130 mm
500 mm
Figure 5.1: Test structure: A double layered beam fastened with 4 bolts of M6
size.
The test structure used is a double layered beam which is fastened using four bolted
joints, similar to the structure used by GEISLER [39]. The two beams are identical in
dimensions and are made of stainless steel. The beams are fastened using four M6 bolts.
The dimension of an individual beam is 500 mm x 20 mm x 10 mm. Figure 5.1 shows
a pictorial representation of the double layered beam test structure with its dimensions.
The beam test structure is studied distinctly with three operational parameters, which
influences the contact status and hence the dynamical behaviour of the test structure.
These operational parameters are : bolting torque, excitation load and contact pairing
materials. The proposed D-PDJ model is validated for the choice of each operational
parameter, requiring different experimental set-up of the test structure. The output pa-
rameters used for the model validation are modal-frequencies and modal damping ratios.
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The comparison of the Frequency Response Function (FRF) between the experiment and
simulation is also performed. The optimized material properties of the beam structure
are obtained from model updating the simulation results with Experimental Modal Anal-
ysis (EMA) results of a single beam. The resulting elastic properties of the stainless steel
material used for the beam structure are shown in table 5.1.
Elastic Properties Damping
Young’s modulus (E) 192 GPa Mass factor (αr) 0.3
Poisons ratio (ν) 0.3 Stiffness factor (βr) 4.85e-08
Mass density (ρ) 7875 kg/m3
Table 5.1: Model updated elastic properties of the stainless steel beam used
in Double beam test structure.
5.1 Effect of Bolting Torque : Contact Pressure
The first quantitative validation of D-PDJ model is done by studying the influence of the
variation in the contact pressure on the dynamical behaviour of the test structure. The
variation in the contact pressure is controlled by varying the bolting torque. With increase
in the bolt torque, the contact pressure is also increased. However, the parabolic pressure
distribution profile remains constant irrespective of the bolting torque magnitude. These
observations were studied experimentally by GOULD AND MIKIC(1972) [41], ZIADA AND
ABD(1980) [129]. The influence of the contact pressure on modal frequency and modal
damping is studied by isolating the other influencing factors. This section is divided into
three parts. The first part discusses the experimental set-up and its results, second part
discusses the D-PDJ model’s simulation work-flow and its initial results and in the final
part the comparison between the experimental and simulation results are done.
5.1.1 Experimental Set-up
To obtain the influence from the bolt load, an Experimental Modal Analysis (EMA) of
the test structure with bolting torque of 1 Nm, 3 Nm and 5 Nm is performed. The test
structure is hanged freely using soft springs. The experimental set-up of the test structure
is shown in figure 5.2. The structure is excited with an impulse modal hammer at a
fixed location and roving measurements along the length of the beam are done using
a 3D laser vibrometer (see figure 5.2). To avoid the variation of excitation amplitude,
auto-magnetic controlled modal hammer is used. The auto controlled modal hammer
excites the structure with approximately same amplitude for all measurement points.
This ensures that the experiment investigations have been performed with no influence
from the excitation amplitude and the results of the test structure are solely dependent
on the variation of bolting torque.
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Figure 5.2: Set-up of freely hanging double layered beam test structure for
experimental modal analysis and impulse excitation from modal hammer.
To have sufficiently tight contact while using M6 bolts, the general choice of bolting
torque is around 8 Nm for fastening structural members. Higher bolting torques lead
to damaging of screw threads and the lower bolting torques lead to loose contacts. The
choices of 1 Nm, 3 Nm and 5 Nm bolting torque are taken to depict the cases of non-linear,
moderate non-linear and slightly non-linear systems respectively.
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Figure 5.3: Effect of the bolting torque on the shape of mobility-FRF of the
double layered beam test structure observed in experimental modal analysis.
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Figure 5.3 shows the mobility-FRF’s for modes 1 and 7 with different bolting torques. For
linear system the FRF are symmetric in the resonance region and for non-linear system
the FRF are un-symmetric in the resonance region, as described in section discussing non-
linear vibration in chapter 3. It can be observed that the shape of mobility-FRF is sharp
and symmetric for the choices of 5 Nm and 7 Nm bolt torques in both modes of vibration.
Thus, the choice of 5 Nm defines the test structure to be a slightly non-linear structure.
The choice of 1 Nm bolt torque clearly shows an un-symmetric and broad mobility-FRF
shape and thus can be regarded as non-linear system in comparison to 5 Nm bolt torque
case. The 3 Nm bolt torque is then regarded as moderately non-linear system. The modal
frequencies and modal damping ratios for each case of the bolting torque are presented
in tables 5.2 and 5.3 respectively.
Mode Modal frequency [Hz]
1 Nm 3 Nm 5 Nm
1 361.85 371.13 373.07
2 405.28 405.33 405.35
3 826.69 899.01 910.16
4 1106.17 1106.34 1106.42
5 1559.85 1720.03 1770.14
6 1738.85 1785.56 1808.14
7 1980.01 2080.21 2120.37
8 2145.97 2146.42 2146.52
9 2820.21 2980.15 3040.01
Table 5.2: EMA results of the modal frequencies for double layered beam
test structure for different choices of the bolting torque. In-plane modes are
highlighted in grey colour.
Mode Modal damping ratio (%)
1 Nm 3 Nm 5 Nm
1 0.295 0.151 0.127
2 0.035 0.031 0.032
3 0.425 0.245 0.161
4 0.026 0.025 0.026
5 0.650 0.345 0.172
6 0.095 0.173 0.092
7 0.261 0.239 0.176
8 0.031 0.028 0.027
9 0.281 0.226 0.158
Table 5.3: EMA results of the modal damping ratios for double layered beam
test structure for different choices of the bolting torque. In-plane modes are
highlighted in grey colour.
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The initial observation shows that with increase in the bolt torque, the modal frequency
also increases. This is an obvious phenomenon as with increase in the bolting torque,
the contact pressure increases and hence leads to a substantial increase in the contact
stiffness. A higher stiffness leads to higher modal frequency. On contrary, the modal
damping ratio decreases with increase in the bolting torque. This result is also according
to the expected behaviour, as increased bonding pressure results in the reduction of the
relative displacement and hence reduces the damping. An interesting observation is for
modes 2, 4 and 8 (highlighted in grey, see tables 5.2 and 5.3). There is no influence of
the bolt load on both modal frequency and modal damping of these modes. The modal
frequency and modal damping remain almost constant for all choices of the bolting torque
and the value of modal damping ratios are very small. Modes 1, 3, 5, 6, 7 and 9 are the
out-of-plane modes where as the rest of the modes are the in-plane modes. The difference
in the behaviour of in-plane and out-of-plane modes is discussed in the following sections.
5.1.2 D-PDJ Simulation
The double layered beam test structure EMA results are to be validated with the simu-
lation results. A pre-stress modal analysis is performed, wherein the pre-stress effects
are accounted for the bolting loads in the static analysis step. The contact interfaces are
modelled using D-PDJ elements, as described in the section 4.4.2, figure 4.17. The re-
quired material properties for the beam are taken from the table 5.1. The D-PDJ model
is divided into three stages for performing a pre-stress modal analysis.
Step 1: The first stage is to perform the quasi-static loading of bolting torque and obtain
the contact pressure distribution at the interface. The normal force for each bolt torque
is calculated based on the equation (4.13) for a M6 bolt. The standard contact interface
elements of Ansys v14 are replaced with D-PDJ elements with normal contact behaviour
defined based on the pressure-penetration relation, see equation (4.4). The contact pa-
rameters required for this stage are the curvature parameter (λ), the saturation pressure
(PN1) and the coupling factor (β0). The initial value of λ= 2000, PN1 = 1 and β0 = 0.83
are taken and later optimized to match the modal frequency results from EMA. Discus-
sion on the values of contact parameters is done in the following section of comparison
between the experiment and simulation results.
Step 2: The contact pressure result from the static analysis is used to calculate the up-
dated contact stiffness density and the contact damping distribution. The contact stiff-
ness density distribution is calculated based on the continuous fit formulation used in the
equation (4.11). The contact damping as the structural damping loss factor is calculated
based on Rayleigh distribution of contact pressure as shown in the equation (4.19). Fig-
ure 5.4 shows the calculated contact stiffness density and contact damping distribution
for the double beam test structure. The localized damping distribution parameters P locm
defining the location of maximum damping and the scaling factor χr are chosen as 1
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for the initial calculations and later optimized to match the modal damping ratio results
from EMA.
(a) Contact stiffness density. (b) Contact damping distrubtion.
Figure 5.4: Use of D-PDJ model to estimate the corresponding contact stiffness
and damping based on contact pressure.
Step 3: The D-PDJ element is revised to define the updated stiffness and damping with
linear Kelvin-Voigt spring element to have a linear basis for the future modal superpo-
sition analysis. Modal analysis is performed with no boundary conditions (similar to
experimental set-up), to get modal frequencies and mode shapes of the test structure.
The modal damping ratios are calculated based on equation (4.20).
(a) Out-of-Plane bending
D-PDJ 1 Nm: 362 Hz / 0.3 %
D-PDJ 3 Nm: 372 Hz / 0.2 %
D-PDJ 5 Nm: 374 Hz / 0.1 %
(b) In-Plane bending
D-PDJ 1 Nm: 403 Hz / 0.06 %
D-PDJ 3 Nm: 403 Hz / 0.06 %
D-PDJ 5 Nm: 403 Hz / 0.06 %
(c) Torsion -
D-PDJ 1 Nm: 1770 Hz / 0.15 %
D-PDJ 3 Nm: 1798 Hz / 0.1 %
D-PDJ 5 Nm: 1835 Hz / 0.1 %
Figure 5.5: Mode shapes and corresponding modal frequency and modal
damping ratio from D-PDJ simulation for 1 Nm, 3 Nm and 5 Nm cases of
bolting torque of the double layered beam test structure.
The first three primary mode shapes for each case of 1 Nm, 3 Nm and 5 Nm are shown
in figure 5.5. For all of the primary modes, the modal frequency increases and the modal
damping ratio decreases with increase in bolting torque. It can also seen in D-PDJ simula-
tion results too, that the in-plane bending mode has lower damping value in comparison
to the damping values of out-of-plane modes. An elaborate discussion on the results
obtained from D-PDJ simulations are presented in the following section of comparison
between the experimental and simulation results.
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Model Updating- Contact Parameters : The results shown in figure 5.5 based on steps 1,
2 and 3 of simulation model are obtained for some default choice of contact parameters.
The simulation model is iterated to calibrate values of contact parameters to ensure a
good match between the experiment and simulation results. The iterations are done in
three steps. The first two iterations are required to calibrate contact stiffness parameters
to match experiment modal frequency results. The third iteration step is required to
calibrate the damping parameters to match experiment modal damping ratio results.
Iteration - I : In this step, the optimal value of curvature parameter in rangeλ∈ [1000,4000]
is to be estimated (with initial value of contact stiffness parameters: λ= 2000, PN1 = 1
and β0 = 0.83), such that error in modal frequency ("freq) is minimum. The error in
modal frequency for Nm modes is defined as,
"freq =
1
Nm
Nm∑
n=1
 f nsim− f nexpf nexp

 , (5.1)
where, fexp and fsim are the modal frequency from experiment and simulation respec-
tively. As the grinding machining process is used for the beam structure, the curvature
parameter value is in range of 1000-4000, as discussed in the chapter 4- section 4.4.3.
The coupling factor (β0) value of 0.83 is calculated for steel-steel coupling pair based on
the equation (4.22), for elastic constants of beam material available from table 5.1.
Iteration- II : After having optimal value of λ from iteration- I, value of PN1 ∈ [0.1,10]
is calibrated such that error in modal frequency ("freq) of equation (5.1) can be further
minimized. With this step the match can be improved to greater accuracy.
Iteration- III : After finding optimal choice of parameters influencing the modal frequency,
the final step is to find optimal value of damping parameters such that error in modal
damping ("freq) is minimum. The error in modal damping for Nm modes is defined as,
"damp =
1
Nm
Nm∑
n=1
ξnsim−ξnexpξnexp

 , (5.2)
where, ξexp and ξsim are the modal damping from experiment and simulation respec-
tively. The location parameter P locm value is approximately 1, obtained from numerical
investigation of simplified beam model examples in chapter 4. This value is kept con-
stant and iterations are done to calibrate the scaling parameter χr. From table 5.3, it
can be seen that the range of modal damping is between 0.1 - 0.65 %, which is not
large amount of damping for assembled structures. Hence, the scaling parameter will be
smaller in values and the range selected for model updating is [0.01,1].
Based on the three steps of iterations, the optimized choice of contact parameters are
obtained to match the experiment results of modal frequency and damping in Optislang
software. The optimal choice of contact parameters for all three bolting torques of 1 Nm,
3 nm and 5 Nm are presented in table 5.7, in the following section.
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5.1.3 Comparison
This section discusses the influence of the variation of bolting torque on system dynamical
behaviour. A comparison between the D-PDJ simulation and the EMA results for the
modal frequency and the modal damping ratio of the double layered beam test structure
is done.
Influence on modes: It has been observed both in the simulation and experiment results
that the in-plane bending modes have no influence of the variation in bolting torque on
the modal frequencies and modal damping ratio. Whereas, for the out-of-plane bending
modes, there is considerable increase in modal frequency and a reduction in the modal
damping values with increase in the bolting torque. This observation can be explained
by looking at the primary mode shapes shown in figure 5.5. For the out of plane bending
mode, the two beams are experiencing the relative motion between each other at the
contact interface. This is similar to phenomenon of beam bending theory, where the
part of a beam above and below the neutral axis goes under compression and tension
respectively. The interface can be thought as the neutral axis and relative motion at
contact interface is accounted for the variation due to tension and compression. Where
as for the in-plane bending modes, there is ideally no relative motion due to the same
deflection of the upper and lower beams. The neutral axis for each beam in this motion
does not intersect with the contact interface and hence does not change the contact status.
The damping obtained for in-plane modes are hence associated to the inherent material
damping of the beams. As it is required to study the influence of contacts, it is sufficient
to compare the results of simulation and experiment only for the out-of-plane modes.
Mode Modal frequency (Hz) Modal damping ratio (%)
Exp. Sim. Error (%) Exp. Sim. Error(*) (%)
1 362 360 0.6 0.30 0.32 6.7
3 827 824 0.4 0.42 0.44 4.8
5 1560 1540 1.3 0.65 0.57 10.8
7 1980 2026 2.3 0.26 0.25 3.8
9 2820 2909 3.2 0.28 0.22 21.4
Table 5.4: Comparison between EMA and simulation results of double beam
test structure with 1 Nm bolt torque for the out-of-plane bending modes.
Modal frequency and damping: The comparison for the out-of-plane bending modes
between EMA and D-PDJ simulation for case of 1 Nm, 3 Nm and 5 Nm bolt twisting
moment are given in tables 5.4, 5.5 and 5.6 respectively. The maximum error in the
modal frequency for 1 Nm bolt twisting moment is 3.1%, which is quite a good match
for a system experiencing strong non-linearity, as seen in figure 5.3. A good estimation
of modal damping ratio is also obtained. Maximum modal frequency error of 2.4% and
2.2% are obtained for 3 Nm and 5 Nm bolt twisting case respectively, which are in accept-
able range. The damping values show much better match with experimental results for 3
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Mode Modal frequency (Hz) Modal damping ratio (%)
Exp. Sim. Error (%) Exp. Sim. Error(*) (%)
1 371 372 0.6 0.15 0.16 6.7
3 899 883 1.8 0.25 0.27 8.0
5 1720 1721 0.1 0.35 0.33 5.7
7 2080 2130 2.4 0.24 0.24 0.0
9 2980 3028 1.6 0.23 0.22 4.3
Table 5.5: Comparison between EMA and simulation results of double beam
test structure with 3 Nm bolt torque for the out-of-plane bending modes.
Mode Modal frequency (Hz) Modal damping ratio (%)
Exp. Sim. Error (%) Exp. Sim. Error (%)
1 373 374 0.3 0.13 0.12 7.7
3 910 890 2.2 0.16 0.15 6.25
5 1770 1743 1.5 0.17 0.20 17.6
7 2120 2148 1.3 0.18 0.15 16.6
9 3040 3050 0.3 0.16 0.15 6.25
Table 5.6: Comparison between EMA and simulation results of double beam
test structure with 5 Nm bolt torque for the out-of-plane bending modes.
Nm and 5 Nm case in comparison to the case of 1 Nm. The optimized contact parameters
used for cases of 1 Nm, 3 Nm and 5 Nm are shown in table 5.7.
Contact parameter Bolting torque
1 Nm 3 Nm 5 Nm
Curvature λ 1450 2100 2200
Saturation pressure PN1 0.5 0.8 0.8
Max. damping location P locm 1 1 1
Scaling damping χr 0.1 0.06 0.05
Table 5.7: Used contact parameters for the D-PDJ simulation of the double
beam test structure.
Contact parameters: The optimized contact parameters governing the contact stiffness
(λ, PN1) are approximately same for the choices of 3 Nm and 5 Nm bolting torque, but
large deviation in comparison to the values used for 1 Nm bolting torque is seen. This sug-
gests that the contact parameters governing the modal frequency stabilizes with higher
bolting loads. The contact parameters governing the modal damping ratios are the maxi-
mum dissipation locating parameter P locm and scaling factor χr. The easiest choice of P
loc
m
is 1, which means that the maximum dissipation occurs at the contact pressure equal
to the mean of contact pressure distribution, see equation (4.18). With increasing bolt-
ing load, the mean pressure too increases and hence automatically shifts the position
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of the maximum dissipation location. The scaling factor to control the modal damping
values is high for the case of 1 Nm compared to values used for 3 Nm and 5 Nm bolting
torque. Also, with higher bolting torque, the damping values also stabilizes with almost
same damping values for the all modes. The choice of contact parameters used for both
modal frequency and modal damping ratio control are similar for 3 Nm and 5 Nm bolting
torque in comparison to 1 Nm bolting. This particular conclusion was also observed in
the previous chapter, wherein the dissipation profile was almost similar for 3 Nm and 5
Nm bolt load in comparison to 1 Nm bolt torque, see figure 4.9. This suggests that the
contact parameters governing the damping stabilizes with higher bolting loads. For both
modal frequency and damping, the contact parameters stabilizes for higher bolt loads
and hence it is concluded that the D-PDJ model can be used for moderately non-linear
or linear systems with good accuracy in comparison to full non-linear systems.
The concluding remarks for the study of effect of the contact pressure on the dynamical
behaviour are :
• The out-of-plane modes of the test structure are influenced due to the of contact
interface non-linearity and the in-plane modes are influenced due to the inherent
material properties.
• With increase in the bolting load- the modal frequency increases and the damping
reduces. These observations have been captured with good accuracy using D-PDJ
model.
• The choice of parameters used in D-PDJ model stabilizes with increase in bolting
torque and hence the same parameters can be used for the higher bolting torques.
• The structure possessing moderate non-linearity are better captured by the D-PDJ
simulation than structures possessing strong non-linearity.
5.2 Effect of Excitation : Relative displacement
As discussed in chapters 3 and 4, there is significant influence of the excitation amplitude
on the dynamic behaviour of system having frictional contact interfaces. The influence
of excitation amplitude on the shifting behaviour and cumulative area of local hysteresis
can be seen in figures 4.12 and 4.14, wherein with increase in excitation amplitude, the
cumulative dissipation increases and the position of maximum dissipation shifts near the
bolt center. It is proposed to study and validate the influence of the excitation amplitude
on the dynamical characteristics of the test structure with D-PDJ model. The comparison
between the experimental and simulation results of mobility-FRF for the first four out-
of-plane bending modes is done.
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5.2.1 Test structure : Shaker Stinger Excitation
The experimental set-up is similar to the test structure used in previous section with
the change in the excitation type as random Force Power Spectral Density (F-PSD). A
stinger is used to transfer the point excitation load from an electrodynamic shaker to the
test structure. The excitation is provided at one end of test structure and the velocity
measurement with a laser vibrometer is done at the other end. The experimental set-up
diagram is shown in figure 5.6. As observed from previous section, the bolting torque
of 3 Nm is used, which accounts for the case of moderate non-linearity. The forced
controlled PSD point excitation is done in the normal direction to excite the out-of plane
modes. The frequency range for the excitation is 100-3000 Hz and root mean square
(rms) value of 1 N, 2 N, 3 N and 4 N force are used. The shaker stinger experiment induces
undesirable peaks due to the resonances of the stinger and other coupled effects on the
FRF [8, 25, 69]. With use of least square complex exponential modal fit algorithms, the
result of mobility-FRF from measurements are obtained with good accuracy, especially
at the resonance regions. The comparison is then done with the modal fit synthesized
mobility-FRF.
Excitation
Measurement
point
Figure 5.6: Set-up of shaker stinger excitation for the test structure with force
controlled PSD at one end and measurement of velocity at other end.
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Figure 5.7: Effect of rms Force-PSD excitation amplitudes on the mobility-FRF
of test structure with 3 Nm of bolting torque.
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Figure 5.7 shows the effect on the mobility-FRF of the test structure with varying exci-
tation amplitudes for 3 Nm bolting torque. It can be seen that with increase in the ex-
citation amplitude, the resonance frequency decreases and the damping increases. The
numerical investigation section in chapter 4 described the effect of increase in excitation
amplitude on the contact dissipation, see figure 4.13. There is a slight difference between
the resonance frequency from EMA (section 5.1- table 5.5) and shaker excitation result
for the test structure. The reason for this difference is due to the added stiffness and
mass from the stinger and force sensor, which are attached on the test structure for the
shaker excitation set-up.
5.2.2 D-PDJ Simulation: PSD Analysis
In the D-PDJ simulation, the pre-stress modal analysis is extended to the random PSD
analysis. A rigid mass of 30 gms is added at the point of the excitation on the double
layered beam test structure. This accounts for the added weight to structure from force
sensor. From the experiment observation, due to increase in the excitation amplitude
the resonance frequency is decreased while the damping is increased. The decrease in
resonance frequency is due to the decrease in the tangential contact stiffness. Also, with
increase in the excitation amplitude, the dissipation area too increases leading to increase
in the damping. The influence on the contact stiffness and damping is depicted in the
figure 5.8.
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Figure 5.8: Increase in the hysteresis area and decrease in the slope with
increase in the excitation amplitudes.
To accommodate the effect of the excitation amplitude, an equivalent reduction in the
contact stiffness and an equivalent amplification in the damping is required. The con-
tact stiffness can be modified with calibrating the value of the coupling factor β0. The
equivalent increase in the damping can be obtained through the use of scaling factor χr.
These parameters are initially optimized for the reference case with the lowest loading
amplitude, here 1N rms excitation amplitude. Later the cases for the higher excitation
amplitude can be modelled with a slight variation in the excitation factor used in refer-
ence 1 N rms case. The other contact parameters for D-PDJ model are taken from the
previous section 5.1. The comparison between the experimental and simulation results
are shown in the following section.
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5.2.3 Comparison
The comparison between the experimental results and simulation results of the mobility-
FRF are of prime importance, especially in the resonance regions. The mobility-FRF
shapes for random excitations are symmetric and hence a comparison with modal su-
perposition frequency analysis is possible. Figure 5.9 shows a good match between the
simulation and experimental results of double layered beam test structure for different
excitation amplitudes, when fastened using 3 Nm bolting torque.
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Coupling factor β0 = 0.45, Scaling factor χr=0.05.
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Coupling factor β0 = 0.425, Scaling factor χr=0.075.
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Coupling factor β0 = 0.4, Scaling factor χr=0.1.
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Coupling factor β0 = 0.375, Scaling factor χr=0.125.
Figure 5.9: Comparison between shaker stinger experiment and D-PDJ simu-
lation results of mobility-FRF of the double layered beam test structure with 3
Nm bolting torque.
The initial value of the coupling factor and the scaling factor for 3 Nm bolting torque
are taken from the EMA results of the double beam test structure, see table 5.7. These
parameters are optimized for 1N rms excitation and later for each of the excitation ampli-
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tudes the parameters are slightly updated. The optimized coupling factor and the scaling
factor are presented in figure 5.9, for each amplitude of excitation. The coupling factor
for 1N rms excitation is decreased approximately by a factor of half in comparison to the
value used in EMA testing of double beam test structure. With use of both the coupling
factor and scaling factor, there has been good match achieved with experiment, having
maximum deviation for only higher frequency region.
5.3 Effect of Contact pair : Coupling parameter
The D-PDJ model has been validated for the pairing of identical materials in contact.
However, it is also important to study the effect on the dynamical behaviour due to the
change in contact pairing materials [31, 115]. For many industrial products, there exists
contact between various different materials, ranging from assembling different isotropic
materials to orthotropic/anisotropic materials. One of the very common application that
can be seen is the use of laminated structures. The visco-elastic layered laminate not
only reduces the weight of structure but also adds considerable damping to the structure.
Many theoretical, numerical and experimental study related to the dynamical behaviour
of composite structures is covered in wide range by authors like ROSS AND KERWIN [97],
UNGAR [114], NI AND ADAMS [77], RAO ET.AL [94], QATU [91] etc. As the aim of this
thesis is more concentrated towards the non-linear behaviour from contacts, the detailed
modelling of the materials is not covered for dynamical behaviour. However, it is still
required to study the vibration behaviour of the assembled structures involving laminate
plates, wherein the laminates are fastened between the structures with non-uniform pres-
sure distribution (not perfectly bonded). This defines the global damping as cumulation
of material damping due to material deformation of laminate and contact damping due
to the susceptibility of relative motion from contact pressure distribution. This section
will use both forms of excitation mentioned in the previous sections, Impulse hammer ex-
citation and shaker stinger excitation to compare the results for modal and random PSD
analysis. The experimental set-up of test structure and the corresponding discussion for
material and contact modelling is discussed in following subsections.
5.3.1 Experimental Setup
The test structure used in this section is an extension of the double layered beam test
structure used in previous sections. The test structure is modified by fastening the lam-
inate plates in-between two beams using the bolt joints. The bolted joints are used to
control the contact pressure distribution, to study the influence of the bolt load on the
dynamical output for dissimilar contact pairs. The laminate structure used is a copper-
prepreg-copper plate. This enables the contact pair as a pair of the non-identical materials
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Figure 5.10: Experimental set-up of freely hanging laminate beam structure
for EMA with laminate plates fastened between the two beams.
and also this is a combination of isotropic (steel beams) and ortho-tropic (laminate) ma-
terials. The built-up diagram of the laminate beam test structure is shown in figures 5.10
and 5.11.
55 mm Copper - Prepreg - Copper
Laminate
Figure 5.11: Setup of Shaker Stinger Excitation for laminate beam test struc-
ture.
The copper-prepreg-copper plate is a laminate structure made by coating thin copper
sheets over the prepreg composite layer. A prepreg layer is 8 layers stacked laminate
of single prepreg layer. Each prepreg layer is a plain woven structure of glass-fibre and
epoxy-matrix. The dimension of the copper-prepreg-copper laminate plate is : 110 mm x
20 mm x 1.6 mm, with copper layer thickness of 0.055 mm and prepreg layer thickness of
1.49 mm. The length of the laminate is sufficiently long to accommodate the influence
of bolt load. GOULD AND MIKIC(1972) [41], ZIADA AND ABD(1980) [129] established
that the circular influence zone of the contact pressure is 3.5 times the diameter of the
connecting bolt. Here, 3.5 times the diameter of M6 is sufficient to obtain a continuous
varying pressure distribution over the contact interfaces between the beam and copper-
prepreg-copper laminate plate.
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The simulation requires material properties of all the different materials used in the
laminate beam test structure, here required are the material properties for the copper-
prepreg-copper laminate plate. A detailed modelling of prepreg requires to cover the
multi-scale modelling of woven patterns and further extensions on the description for
visco-elastic orthotropic material modelling. However, such detailed model increases the
complexity of the model with very large computational time. The different modelling
techniques of copper-prepreg-copper laminate structure with estimation of equivalent
elastic constant is shown in the next section. EMA of a free hanging copper-prepreg-
copper laminate is done as the reference for the model updating, to estimate optimized
material properties of the copper-prepreg-copper laminate plate. The comparison be-
tween the experimental and simulation results for modal frequency of copper-prepreg-
copper laminate is shown in the part of the modelling of laminate.
The experimental validation of the laminate beam test structure is done in two phases.
In the first phase, the laminate beam test structure is excited with impulse hammer to
obtain the modal frequency for comparison with D-PDJ model simulation results. The
quantitative validations are performed with variation in bolt twisting moments of 1 Nm,
3 Nm and 5 Nm. In second phase, the laminate beam test structure is excited with
shaker stinger forced controlled PSD and comparison of the FRF between experiment
and D-PDJ model simulation results are done. This is to validate the combined stiffness
and damping effect on the dynamical behaviour for different bolt twisting load for broad
band excitation. As concluded in the section 5.1 that only out of plane bending modes
are influenced due to contacts, therefore the comparison between the experiment and
simulation results are done only for out of plane bending modes.
5.3.2 Modelling of laminate
Three approaches are used in modelling copper-prepreg-copper laminate, which are used
to predict the equivalent elastic constant. The first method is an approach of estimating
the equivalent elastic constants for the complete laminate plate based on the homogeniza-
tion methods, such that equivalent elastic constant for complete copper-prepreg-copper
plate are obtained. The other two methods concentrate on modelling the copper-prepreg-
copper plate as the combination of three layered structure, wherein the prepreg layer is
modelled as an orthotropic material and copper layer as isotropic material. The following
section discusses the three methods and their comparison with EMA results.
The first method (M-I) is based on the homogenization method of estimating the equiva-
lent elastic constants of the laminate, presented by SUN 2002 [109] . A reduction in the
number of components of the compliance tensor is made by assumption of the transverse
isotropy for the copper-prepreg-copper laminate. This is based on the approximation of
same volume fraction and dimensions of the fill and warp fibre in prepreg layer. The
optimized values of transverse isotropic elastic constants for copper-prepreg-copper lam-
inate are presented in table 5.8. The second approach is to establish mesh connectivity
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Equivalent
Transverse Isotropic
Mesh connectivity
Transeverse isotropic - Prepreg Layer
Isotropic - Copper Layer
Classical laminate design
Unidirectional (0/90) - Prepreg Layer
Isotropic - Copper Layer
(I)
(II)
(III)
Copper- Prepreg-Copper
Plate
Figure 5.12: Three Modelling approaches of copper-prepreg-copper plate.
(M-II) between copper and prepreg layers to model a perfectly bonded structure with two
different materials. The transverse isotropic elastic constants for the prepreg layer are
obtained using Halpin-Tsai equations [47]. The material properties for the copper layer
are kept constant and choice for the optimal values for the prepreg layer are optimized
based on the EMA results. The third method (M-III) is based on the classical laminate
theory to model the copper-prepreg-copper plate as a laminate structure with isotropic
(copper layer) and transverse isotropic layers (prepreg layer) of different thickness re-
spectively. The woven configuration of prepreg layer is modelled as a cross ply laminate,
where 0◦ oriented ply represents the fill fibre direction and 90◦ oriented ply represents
the warp fibre direction. Each unidirectional laminate has been modelled using classical
rule of mixtures and then stacked up to form the complete equivalent cross-ply prepreg
layer [105]. The initial values of elastic constants are taken from HANSELKA (1999) [48]
and then updated to match the EMA results. A pictorial representation of three mod-
elling approaches of copper-prepreg-copper plate has been presented in figure 5.12. The
elastic constants used for each approach are presented in table 5.8.
The comparison of modal frequency between EMA and simulation of copper-prepreg-
copper plate using three modelling techniques is shown in table 5.9. All three methods
show good match with experimental results, with methods M-II and M-III showing much
better results than method M-I. The homogenization method (M-I) is also not proposed
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Method I Method II Method III
Equivalent Cu-PCB Pre-preg Unidirectional Ply
Transverse Isotropic Transverse Isotropic Transverse Isotropic
Ex = Ey = 38 GPa Ex = Ey = 25 GPa Ex = 35 GPa, Ey = 15 GPa
Gxy = 11 GPa Gxy = 5.5 GPa Gxy = 4.9 GPa
νxy = 0.13 νxy = 0.128 νxy = 0.25
ρ= 2285 kg/m3 ρpreg = 1809 kg/m3 ρpreg = 1809 kg/m3
copper Layer copper Layer
E = 85 GPa E = 85 GPa
ν= 0.34 ν= 0.34
ρcu = 8850 kg/m3 ρcu = 8850 kg/m3
Damping
Mass factor : αr = 20
Stiffness factor : βr = 2e−7
Table 5.8: Optimized elastic constants used in the modelling approaches of
copper-prepreg-copper plate with dimensions of 163 mm x 113 mm x 1.6 mm.
Mode EMA [Hz] Simulation models [Hz]
M-I Error (%) M-II Error (%) M-III Error (%)
1 196 199 1.8 197 0.4 195 -0.6
2 248 254 2.6 253 1.9 252 1.8
3 474 478 0.8 474 0.1 472 -0.5
4 548 532 -2.9 537 -2.0 539 -1.6
5 636 655 2.9 640 0.7 637 0.2
6 739 714 -3.4 732 -0.9 737 -0.3
7 917 923 0.7 920 0.4 919 0.2
8 1010 1000 -1.1 1000 -1.1 998 -1.2
9 1380 1376 -0.3 1386 0.5 1394 0.9
10 1470 1455 -1.1 1454 -1.1 1458 -0.8
11 1520 1497 -1.6 1501 -1.2 1502 -1.2
12 1600 1578 -1.4 1586 -0.9 1592 -0.5
13 1610 1585 -1.5 1595 -0.9 1601 -0.5
14 1960 1910 -2.6 1928 -1.6 1937 -1.2
15 2190 2167 -1.1 2178 -0.5 2186 -0.2
Table 5.9: Modal frequency comparison between EMA and simulation models
of copper-Prepreg-copper plate.
to be used with contact modelling, as it would lead to modelling of a contact between
isotropic and orthotropic material and increasing complex formulations to describe the
mechanics. Whereas with other two methods, M-II and M-III, the copper layer being
isotropic preserves the isotropic-isotropic contact law’s assumptions and formulations.
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For M-II the difficulty is to have the numerical convergence for the assembled structures
due to the use of very thin layer of copper layer (here 55µm). Hence, M-III based on
the classical laminate principle is proposed for the modelling of copper-prepreg-copper
plate.
Other result of the experimental modal analysis is the modal damping ratio. As the
prepreg material is visco-elastic in nature, the damping behaviour of copper-prepreg-
copper plate is frequency dependent. Also, the directional dependent damping definition
for prepreg layer is required for detailed modelling [12, 48, 77]. The present modelling
techniques of directional dependent definition for materials is not possible in Ansys v14
software but a frequency dependent material damping can be defined for solving full har-
monic analysis. However, the maximum modal damping obtained from EMA is approx-
imately 0.2 % and it is approximated with proportional material damping parameters.
The chosen material damping parameters are shown in table 5.8.
5.3.3 Comparison : Modal Analysis
This section discusses the comparison between the experimental results and the D-PDJ
simulation results of modal frequency for the laminate beam test structure.
Contact Parameters : The copper layer of copper-prepreg-copper plate in contact with
stainless steel defines the contact between two different isotropic bodies. The coupling
factor is calculated based on the equivalent Young’s and shear modulus for a pairing of
copper and stainless steel as,
β0 =
4G∗
E∗ = 1.12. (5.3)
The elastic constants of the copper and steel materials of laminate and beam structure
are available from tables 5.1 and 5.8 respectively. As the surface roughness of steel and
copper constitute to another standard deviation of the surface roughness, values of curva-
ture and saturation pressure parameter will be different from the values used in previous
study. However, old values are used as initial values to start the first iteration and cali-
brated to match the experimental results. Here, only 3 Nm case is used as the reference
case to calibrate the contact parameters. The same values will be used for 1 Nm and 5
Nm bolting torque, to check the parameter’s applicability for other bolting torques.
The optimized contact parameters governing the pressure distribution for normal load-
ing, i.e λ and PN1 are obtained after model updating as 1850 and 1.5 respectively. Com-
parison of the modal frequencies of the EMA and D-PDJ model simulation for the bolting
torques of 1 Nm, 3 Nm and 5 Nm is given in table 5.10, 5.11 and 5.12 respectively. This
enables to extend the validation study based on the influence of contact pairs for non-
linear (1 Nm), moderate non-linear (3 Nm) and slightly non-linear (5 Nm) structures.
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Mode Number Modal frequency (Hz)
Experiment Simulation Error (%)
1 390 398 1.9
2 402 400 -0.4
3 896 901 0.6
4 1098 1094 0.4
5 1606 1679 -4.5
6 1655 1676 1.3
7 2070 2093 1.1
8 2132 2122 -0.5
Table 5.10: Comparison between EMA and PDJ simulation of laminate beam
structure (see figure 5.10) having 1 Nm bolt twisting moment with parameters
λ= 1850 and PN1 = 1.5.
Mode Number Eigenfrequency (Hz)
Experiment Simulation Error (%)
1 402 400 -0.5
2 403 406 0.7
3 955 942 -1.4
4 1098 1094 -0.4
5 1696 1712 0.9
6 1784 1808 1.3
7 2132 2121 -0.5
8 2186 2190 0.2
Table 5.11: Comparison between EMA and PDJ simulation of laminate beam
structure (see figure 5.10) having 3 Nm bolt twisting moment with parameters
λ= 1850 and PN1 = 1.5.
D-PDJ Simulation results show a good match with the EMA results for the laminate beam
test structure. The maximum error in the modal frequency for 1 Nm, 3 Nm and 5 Nm bolt
twisting moments are 4.5%, 1.4% and 2.1% respectively. The mean of the absolute error
in the modal frequency for 1 Nm, 3 Nm and 5 Nm bolt twisting moments are 1.34%,
0.74% and 0.54% respectively. From both the maximum error and the mean absolute
error, it is clear that the D-PDJ model has good match with the EMA results for 3 Nm and
5 Nm bolting torques than 1 Nm bolting torque case. This observation was also seen in
previous section 5.1, i.e. the D-PDJ has good prediction for moderately non-linear system
(3 Nm and 5 Nm) than highly non-linear systems (1 Nm). For the case of 1 Nm also, the
maximum variations have been only for two modes (modes 5 and 10) with rest all modes
showing good convergence. In the previous section 5.1, choice of contact parameters -
curvature parameter λ and saturation pressure PN1, were optimized for each bolting
torque case. However, the results presented in this section are based on the same values
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Mode Number Eigenfrequency (Hz)
Experiment Simulation Error (%)
1 402 400 -0.5
2 407 408 0.2
3 975 955 -2.1
4 1098 1093 -0.5
5 1719 1724 0.3
6 1850 1849 0.0
7 2132 2121 0.5
8 2230 2226 -0.2
Table 5.12: Comparison between EMA and PDJ simulation of laminate beam
structure (see figure 5.10) having 5 Nm bolt twisting moment with parameters
λ= 1850 and PN1 = 1.5.
of contact parameters used for all 1 Nm, 3 Nm and 5 Nm bolting torque cases. This is
motivated to study the variation in the quality of the match between the experiment and
D-PDJ simulation results with use of the generalized values of the contact parameters.
It is clear from the good match between EMA and D-PDJ results that the same values
of contact parameters can be used for different bolting torques for the test structure.
The curvature parameter and saturation pressure were chosen as trial choice based on
the mean of the values used for the double beam test structure, see table 5.7. Hence, it
can be concluded that D-PDJ model predicts the modal frequency to good accuracy for
configurations involving contacts between different materials for moderately non-linear
systems.
5.3.4 Comparison : Random Analysis
The second experiment performed on laminate beam test structure is to study the influ-
ence on the Frequency Response Function (FRF) for dynamic excitations. Two cases of
bolt torques- 3 Nm and 5 Nm are chosen. The choices have been to study the effect of
contact pair in dynamical domain for moderately non-linear and slightly non-linear cases.
The mobility-FRF will show the influence on the resonance frequency and damping due
to contact non-linearity through combination of bolt load and excitation effect. Experi-
ment setup is similar to previous study for the excitation parameter study of double beam
test structure. The laminate beam test structure is excited with an amplitude of 1N rms
using force controlled PSD in frequency range of 100-2500 Hz. As some modifications
were done in the previous study for the excitation parameter study of double beam test
structure, similar modifications to simulation model are also done here to accommodate
the effects of the added mass through force sensor and stingers. The mobility-FRF results
comparison between experiment and D-PDJ simulation for 3 Nm and 5 Nm bolt twisting
moment are shown in figures 5.13 and 5.14 respectively.
106 Chapter 5. Model Validation : Parametric Study
200 400 600 800 1000 1200 1400 1600 1800 2000 2200 2400
F
R
F
 [
m
/s
/N
]
Frequency [Hz]
1.E-04
1.E-03
1.E-02
1.E-01
1.E+00
Experiment
Simulation
Figure 5.13: Mobility-FRF comparison between experiment and D-PDJ simu-
lation of laminate beam test structure with 3 Nm bolt twisting moment using
shaker excitation.
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Figure 5.14: Mobility-FRF comparison between experiment and D-PDJ simu-
lation of laminate beam test structure with 5 Nm bolt twisting moment using
shaker excitation.
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The choices for contact parameters governing the contact stiffness are same as the used
in the previous comparisons of modal frequency EMA results, see tables 5.11 and 5.12.
The coupling factor β0 = 0.56 is taken, equal to the half of the initial value taken for
EMA comparison, as shown in equation (5.3). This decreased value in the coupling fac-
tor is motivated from the value taken in the previous section 5.2 discussing the study of
excitation effect on dynamic behaviour of test structure. The locating parameter P locm is
chosen as 1, similar to values used in the EMA comparison for the laminate double beam
structure. This suggests that the maximum damping is at the mean of the pressure distri-
bution. Also, the scaling factor χr used in the definition of local damping is chosen as 0.1,
similar to values used in the EMA comparison for the laminate double beam structure. A
good convergence between the experiment and simulation in the regions of resonances
on the mobility-FRF curves is obtained for both cases for 3 Nm and 5 Nm, with 5 Nm
cases better than 3 Nm. This confirms the observation that with systems tending towards
linearity, the D-PDJ model predicts the dynamical behaviour with good accuracy.
Summary
This chapter discussed the parametric study of the influencing factors like bolting torque,
excitation amplitude and contact pair on the dynamic characteristics of structures having
bolted joints. A test structure of double layered beam with 4 bolted joints is taken for
studying the three influencing factors. The effects of bolting torque is studied by making
three choices of bolting torque i.e. 1 Nm, 3 Nm and 5 Nm bolting torque to resemble
non-linear, moderate non-linear and slightly non-linear structures respectively. The test
structure is excited with a constant amplitude using an auto controlled modal hammer, to
eliminate influence from variation and location of excitation. A good match between the
experiment and D-PDJ simulation is obtained for cases of 3 Nm and 5 Nm bolting torques
in comparison to 1 Nm bolting torque. The optimized contact parameters used for 3 Nm
and 5 Nm are almost of same values, but for 1 Nm the contact parameters are largely
different. These observations suggest that D-PDJ model is suitable for moderate non-
linear systems (3 Nm and 5 Nm bolting torque) than non-linear systems (1 Nm bolting
torque). The effect of excitation amplitude is studied with exciting the test structure
with a random white noise excitation using an electrodynamic shaker. Good match is
obtained for the FRF-mobility between the experiment and D-PDJ simulation for different
excitation amplitudes. The contact pair effect is studied by fastening in-between the
two structural beams a copper-prepreg-copper laminate plate. Two sets of experiments
are performed with laminate double layered beam structure - first EMA in conjecture
with varying bolting torque and second random excitation experiment. Same contact
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parameters were used for 1 Nm, 3 Nm and 5 Nm bolting torque for laminate double
beam structure. Although the results show good match for 3 Nm and 5 Nm bolting
torque in comparison to 1 Nm, the bolting torque of 1 Nm (for M6 bolt) is not relevant
for practical cases. This reconfirms that the D-PDJ model predicts dynamic behaviour
of structures experiencing moderate non-linearity to good accuracy, also with identical
choice of parameters being used for all bolting loads.
Chapter 6
Model Verification - Prototype Structure
The previous chapter studied the cases that have predominant influence on the dynamical
output of the test structures having contact interfaces. Comparison between experiment
and D-PDJ model have shown good match for moderate non-linear systems with opti-
mized choice of contact parameters. Practical applications need a precise and accurate
prediction of the dynamical output, especially in the region of resonance. Two prototype
structures are used in this section for model verification, which resemble a real automo-
tive industrial product of Electronic Control Unit (ECU). The two ECU prototype struc-
tures I and II used for model verification are based on Engine control ECU and Airbag
control ECU respectively. The motivation is to study the proposed D-PDJ model capa-
bility in predicting the dynamical characteristics of the complex structures resembling
practical cases with significant accuracy and computational efficiency. Also, to identify
the advantages of using D-PDJ model with respect to the conventional approaches used
in commercial softwares. Figure 6.1 shows the conventional Engine ECU and Airbag ECU
used in auto-mobiles.
(a) Engine ECU. (b) Airbag ECU.
Figure 6.1: Two types of ECU’s used in Industry, used in thesis for the pro-
totype structure. References - www.bosch-mobility-solutions.us and de.bosch-
automotive.com.
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6.1 Prototype Structure I
Prototype structure I is a built up prototype of an Engine Electronic Control Unit (ECU),
with an emphasis on modelling the ECU’s having ideally large contact area and its influ-
ence on the dynamical characteristics. The large contact area in itself does not account
for the complexity, but the contact pressure distribution over the contact area. As stud-
ied in previous chapter section 5.1, the contact pressure controlled through bolt loads
has predominant influence on the structural resonance frequency. For a large contact
area with contact pressure predominantly existing near the bolt region, a large part of
the contact interface away from bolt centre experience very less magnitudes of contact
pressure due to bolt loads. These negligible contact pressure value leads to the reduced
contact stiffness and hence has influence on the resonance frequency. Also, the damping
behaviour for such assembled structures is very difficult to be modelled accurately, as the
local region experiences opening and closing of contacts with respect to time. A true be-
haviour can be modelled using transient simulations, wherein the change in the state of
the contact can be captured with respect to time. However, an assumption of steady state
behaviour for such excited modes motivates to identify the equivalent contact stiffness
and damping, to evaluate approximately the resonance frequency and damping.
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Figure 6.2: Assembled top and bottom view of the Engine ECU prototype
structure with dimensions.
The Prototype structure I is an assembly of three parts, namely base-plate, plate and
housing-cover. All the parts are made of Aluminium and are bolted together with M4
bolts, using 2 Nm bolting torque. The thickness of plate bolted between the base-plate
and housing-cover is 1.6 mm. Once the individual parts are assembled together, only
the top surfaces of the Baseplate and housing-cover can be measured. To establish an
accurate experimental model for complete structure’s measurement, it is proposed to
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drill holes on the baseplate to allow measurements on plate too. This allows a better and
correct evaluation of damping, as the primary vibration modes of plate are also included.
The prototype structure I with its dimension is shown in figure 6.2.
EMA of each individual part is performed and material properties in simulation are opti-
mized to match the experimental results. Comparison for the modal frequency between
EMA and simulation are shown for each individual part in tables 6.1, 6.2 and 6.3. It
can be seen that the modal frequency results show good match for plate and base-plate
with maximum error of 1.9 % and 2.2 % respectively. The modal frequency results of the
housing-cover do not show good match, with maximum error related to torsion modes.
The probable reason for the large deviation can be accounted for the non-uniform thick-
ness due to the production process leading to unsymmetric model, while simulation mod-
els have a symmetric and uniform thickness structure. However, the important primary
bending modes of the housing-cover show good match (modes 2 and 4, see table 6.3). It
is also important to look at the modal damping ratio’s obtained for each individual part,
which shows almost constant values of 0.2-0.1 % .
Exp. 257 291 604 639 754 900 1140 1270 1650 1720 1920
Sim. 261 290 610 630 759 886 1140 1277 1632 1707 1902
Error (%) 1.9 0.5 0.9 1.4 0.7 1.6 0.0 0.6 1.1 0.8 0.9
ξm(%) 0.4 0.5 0.2 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.1
Table 6.1: Modal frequencies comparison between EMA and simulation for the
plate structure with optimized values of Young’s modulus E = 69 GPa, Poisons
ratio ν= 0.31 and mass density ρ= 2740 kg/m3.
Exp. 368 902 1221 1329 1660 2158
Sim. 373 883 1211 1324 1662 2157
Error (%) 1.3 2.2 0.9 0.4 0.1 0.1
ξm(%) 0.3 0.1 0.2 0.1 0.1 0.1
Table 6.2: Modal frequencies comparison between EMA and simulation for
base-plate structure with optimized values of Young’s modulus E = 72.5 GPa,
Poisons ratio ν= 0.31 and mass density ρ= 2740 kg/m3.
Exp. 310 993 1670 1823 2020
Sim. 373 1007 1728 1800 2011
Error (%) 2.9 1.4 3.5 1.1 0.4
ξm(%) 0.4 0.5 0.2 0.1 0.1
Table 6.3: Modal frequencies comparison between EMA and simulation for
housing-cover structure with optimized values of Young’s modulus E =60 GPa,
Poisons ratio ν= 0.31 and mass density ρ= 2740 kg/m3.
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6.1.1 Modal Analysis : Prototype Structure I
There exists two main contact interfaces for Engine ECU prototype structure i.e. first con-
tact between base-plate and plate and second contact between the plate, and housing-
cover. The contact area of prior is larger than the latter, hence expected to have strong
coupling between the plate and base-plate modes. Due to the large contact area inter-
face, the modes related to this interface will have predominant contribution to system
damping. The distribution of the contact stiffness density and the contact damping is
shown in figure 6.3. The equivalent bolt force for M4 bolt is calculated based on equa-
tion (4.13). Large area of the contact zone leads to very less magnitudes of the stiffness,
with localization of high stiffness near the bolt region. The damping distribution shows
the predominance in region of micro-slip. Figure 6.4 shows the mode shapes of the
prototype structure I with its modal frequency and damping from both simulation and
experiment.
M4 x 4 bolts
Base Plate
Plate
Housing-cover
Contact Stiffness Density [N/mm³]
Contact Damping Distribution
Figure 6.3: Contact stiffness density and damping distribution between the
mating parts of an ECU prototype model with all parts made from Aluminium.
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(a) Mode 1 - 1st Plate bending
Experiment : 640 Hz / 6.5 %
D-PDJ : 655 Hz / 5.5 %.
(b) Mode 2 - 1st Topcover bending
Experiment : 1070 Hz / 1.5 %
D-PDJ : 1082 Hz / 1.2 %.
(c) Mode 3 - 2nd Plate bending
Experiment : 1236 Hz / 3.5 %
D-PDJ : 1229 Hz / 3.0 %.
(d) Mode 4 - 1st Baseplate bending
Experiment : 1410 Hz / 4.0 %
D-PDJ : 1392 Hz / 4.1 %.
(e) Mode 5 - 2nd Topcover bending
Experiment : 1700 Hz / 0.8 %
D-PDJ : 1705 Hz / 0.9 %.
Figure 6.4: Comparison between EMA and D-PDJ simulation results for ECU
prototype structure with respective mode shapes.
Contact parameters : λ= 450, PN1 = 1, β0 = 0.83, P locm = 1, χr = 5,0.1.
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A very good match between EMA and D-PDJ simulation for both modal frequency and
modal damping ratio is obtained, as shown in figure 6.4 with their respective mode shapes
of prototype structure I. The used contact parameters for D-PDJ simulation are mentioned
in figure 6.4. Due to the milling-finishing process used to generate flat surfaces of indi-
vidual part, the curvature parameter lies in range of 333 - 1000 , as discussed in section
4.4.3. The optimized values of the contact parameters governing the contact stiffness of
the prototype structure I, curvature parameter λ= 450 and saturation pressure param-
eter PN1 = 1 are obtained from iterations of the simulation model to match experiment
modal frequency. The coupling factor β0 = 0.82 is calculated for same materials (Alu-
minium) in contact based on equation (4.22). The values of these parameters are taken
as same for both the contact interfaces i.e. the contact interface between the base-plate
and plate, and the contact interface between the plate and the housing-cover.
The minimum damping value obtained for prototype structure I is 0.8 % for the fifth
mode, which is quiet large in comparison to the material damping values obtained from
EMA of each individual part (see tables 6.1, 6.2 and 6.3). This clearly shows that the
predominance of the damping is due to contact than inherent material damping, justi-
fying the very first assumption taken at initial steps of contact modelling for vibration
problems. The large modal damping ratio’s are obtained for the modes associated with
plate and base-plate bending modes, while the modal damping ratio associated with the
bending modes of the housing-cover are significantly low. The damping parameters are
different for the two contact interfaces due variation in the pressure distribution at the
two contact interfaces. As the experiment damping values are in range of 0.8 - 6.5 %,
these large damping values in comparison to doubled layered beam structure indicate
that the damping scaling factor will have larger value than the value used for double
layered beam. Based on iterations of simulation model, the damping-scaling factor χr of
5 is optimal value for the contact interface with large contact area i.e. for the contact
interface between the base-plate and the plate structure. The damping scaling factor χr
of 0.1 is used for smaller contact interface i.e the contact interface between the plate and
the cover, to have significant match between the experiment and simulation results. This
proves the predominant influence on the damping due to the large contact areas.
Mode Eigenfrequency [Hz]
EMA D-PDJ Bonded Frictional
Mode 1 640 655 928 674
Mode 3 1236 1229 1522 1220
Table 6.4: Eigenfrequency comparison between EMA and different simulation
models of plate first and secondary modes of the Engine ECU prototype.
The primary bending modes of the plate structure (modes 1 and 3) are of most im-
portance in the design of Engine ECU’s, as many important electronic components for
operations of ECU are located on the PCB plate. All these electronic components get ex-
cited with the plate modes and require accurate estimation of the resonance frequency
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and modal damping ratio for the fatigue calculations. The present modelling approach
in the commercial software like Ansys v14 is to perform a pre-stress modal analysis with
modelling of contacts as bonded or frictional contact. The bonded contact refers ideally
to fixed contact between the surfaces, while frictional contact is the Coulomb friction
model. Comparisons between the D-PDJ and conventional methods are performed with
respect to the accuracy in predicting the modal frequencies and the computational time
efficiency. Table 6.4 shows the comparisons of simulation models with respect to EMA
results of plate bending modes of the prototype structure I. It is clearly evident that the
D-PDJ shows better results in terms of predicting the modal frequencies. Also, the con-
ventional models can give the modal frequency and damping values only for the cases
involving material damping, while D-PDJ gives output of global modal damping ratio as
the combination of both material and contact damping. Table 6.5 shows that the use of D-
PDJ even improves the computational time efficiency, which comes due to local-linearity
in comparison to full non-linear frictional analysis.
Test Structure Conventional Model D-PDJ Model
Double beam 4500 sec* 3000 sec
ECU Prototype 8000 sec 5500 sec
Table 6.5: Comparison of computational time between commercial FEM and
D-PDJ. (*Random analysis not possible with frictional contacts in Ansys).
6.2 Prototype Structure II
Prototype structure II is motivated towards depicting an Airbag ECU structure. The
Airbag ECU’s have sensors fixed on Printed Circuit Board (PCB) to detect the situations
of crash and accordingly operate the functionality of deploying Airbags. Hence, required
is a precise and accurate evaluation of damping, so as to estimate whether the threshold
values are reached or not. Used in prototype structure II is an assembly for PCB plate
and base-plate, but the housing cover is not taken. The housing-cover of an Airbag ECU
is made of plastics and hence requires non-linear material models for simulations, which
is out of scope of present work. The Airbag ECU is tested in vibrations using electrody-
namic shakers with harmonic sweep or random excitation according to field test profiles.
Similarly here, the prototype structure is fastened to shaker using an large mass support
structure and is excited with the equivalent excitation profile of the field conditions. The
pictorial representation of the prototype structure II and its lab testing set-up is shown
in figure 6.9. This section is divided into two phases. The first phase deals with mod-
elling of individual assembly i.e. assembled structure of PCB - baseplate and assembled
structure of baseplate - support structure. The second phase deals with modelling the
complete assembled prototype structure for harmonic sweep excitation in vibration lab
testing environment.
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6.2.1 Part Assembled Structures
This sub-section deals with the modelling of part assemblies to independently study the
influence from contacts and material on global dynamic behaviour. The first part as-
sembly is the assembly of base-plate and PCB plate structure having less contact area of
contact interface, hence concentrating on material modelling. The second part assem-
bly is the assembly between the base-plate and the support structure with considerable
contact area, hence concentrating on contact modelling.
PCB Plate Structure
91 mm
8
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m
(a) Prototype of PCB plate.
1
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(b) PCB plate stack-up.
Figure 6.5: Dimensions and stack-up layout of an equivalent Airbag ECU’s PCB
plate having 8 layers of prepreg and 4 layers of copper. Thickness : tcu1 = 55
µm, tcu2 = 35 µm and tpreg = 185 µm.
The PCB plate (like copper-prepreg-copper plate, see section 5.3) is laminate plate of
copper and prepreg layers. PCB’s used in ECU’s have a non-homogeneous distribution
of copper content for each of the copper layer stacked in the PCB plate. A simplified
model of PCB with assumption of homogeneous distribution of copper trace is taken for
simulation. Also, the PCB plate has many minute sized holes to solder various electronic
components, but in the simulation model these holes are eliminated to avoid efforts on
volume meshing. Figure 6.5 shows the stack-up layout cross-section of PCB plate having
4 layers of copper sheet and 8 layers of prepreg. The PCB plate is modelled using classical
laminate theory, similar to the approach used for modelling copper-prepreg-copper plate
in previous chapter section 5.3. The elastic material constants for both prepreg and cop-
per layers are obtained by model updating the PCB structure with respect to the modal
frequency from experiment modal analysis. The comparison of EMA and simulation re-
sults for modal frequencies of PCB plate with optimized material-elastic properties are
shown in table 6.6.
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Exp. 435 701 866 1170 1200 2100 2130
Sim. 436 687 892 1163 1196 2085 2112
Error (%) 0.1 2.0 2.9 0.6 0.3 0.7 0.8
ξm (%) 0.3 0.2 0.5 0.4 0.4 0.4 0.3
Table 6.6: Modal frequencies comparison between EMA and simulation for
the PCB plate structure.
Prepreg : Ex/Ey/Gxy =12.5/14.5/2.5 GPa, νxy =0.15 andρpreg =1650 kg/m3;
Copper layer : E = 85 GPa, ν= 0.34, ρcu = 8850 kg/m3.
A good match of modal frequencies between the simulation and EMA is obtained with
maximum error of 2.9 % and mean error of 1 %. The modal damping ratios measured
from the EMA are approximately constant value with a mean value of 0.35 %.
Part Assembly - Baseplate and PCB Plate
PCB Plate
Structure
Baseplate
Structure
M4 x4
Bolts
Figure 6.6: Exploded view - assembly of baseplate and PCB plate with the
contact interface area shown with highlighted region.
The first part assembly of the prototype structure II is the assembled structure of baseplate
and PCB plate. The baseplate is a thin sheet metal structure having thickness of 1 mm.
The elastic properties of baseplate taken for the simulation are : Young’s modulus E =210
GPa, poisson’s ratio ν= 0.31 and mass density ρ= 7850 kg/m3. With known PCB plate
material properties from previous section, the built-up assembled structure of PCB plate
and baseplate can be simulated and compared with results of EMA. The fastening of
baseplate with PCB is accomplished using M4 bolts with 2 Nm bolting torque. Figure 6.6
shows both the exploded view of the baseplate and PCB plate assembly. The contact area
between the baseplate and PCB plate is small, with large magnitude of bolting loads.
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This suggests no predominant effects of damping from the contacts. The comparison of
modal frequencies between EMA and the D-PDJ simulation are presented in table 6.7. A
very good match is observed till 2 kHz, with maximum error of 3.5 % for second mode
and approximate mean error of 1.2 %. The second mode is a torsion mode, which is not
a critical mode as it does not get excited for the prototype structure when fastened on
shaker table or for the case of direct mounting in auto-mobiles. The modal damping ratios
obtained for the assembly is almost similar to the values of modal damping obtained for
the PCB plate itself. Thus, confirms no significant predominance of contacts on global
damping due to very less contact area and large magnitude of bolting load.
Exp. 533 729 826 1090 1180 1330 1540 1670 1770 1990 2040
Sim. 533 704 830 1084 1194 1348 1521 1681 1798 2010 2075
Error (%) 0.0 3.5 0.6 0.5 1.2 0.7 1.4 0.6 1.6 1.0 1.9
ξm (%) 0.5 0.3 0.6 0.4 0.3 0.3 0.3 0.3 0.4 0.2 0.3
Table 6.7: Modal frequencies comparison between EMA and simulation for
the assembly of baseplate-PCB plate structure.
Part Assembly - Baseplate and Adapter Plate
The second assembly structure of the prototype structure II is the fastening of the base-
plate on the top surface of support structure. The base excitation is given to the bottom of
the support structure using an electrodynamic shaker. The baseplate is fastened to sup-
port structure using M8 bolts with 8 Nm bolting torque. The exploded view of the part
assembly can be seen in the figure 6.7. The contact area is considerable large than previ-
ous part assembly and hence the contact modelling plays significant role here. However,
with use of very high bolt load, the non-linear effects are minimal but still required is the
estimation of contact stiffness and damping to a considerable accuracy. D-PDJ model is
used for performing a modal super-position harmonic analysis for base excitation. The
experiment is performed with sine sweep excitation in frequency range of 100-2100 Hz,
using constant amplitude of 1 m/s2. The comparison between experiment and D-PDJ
simulation results are done for measured transmissiblity at the corner point on the base-
plate, see figure 6.7. The measurement point has the maximum amplitudes of vibration
and captures all modes in required frequency range of interest.
A good match of transmissiblity is achieved between the experiment and D-PDJ simula-
tion for the assembled structure of baseplate and support structure, see figure 6.8. The
contact parameters used for the D-PDJ simulation are listed in figure 6.8. The contact
parameters are obtained by iterations of the simulation model to match the results of ex-
periment, as discussed in chapter 5- section 5.1.2. The coupling factor (β0) value of 1.6
is calculated for the contact pairing of stainless steel (baseplate) and aluminium (support
structure) materials, see equation (4.21). As mentioned before, due to high bolt loads
of 8 Nm, the contact pressure too is very high with almost uniform pressure distribution.
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Measurement point
M8 x3
Bolts
Baseplate
Structure
Support
Structure
Figure 6.7: Exploded view - assembly of baseplate and support structure with
region of contact interface shown as highlighted region. The measurement
point is used for comparing results between experiment and simulation.
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Figure 6.8: Comparison of transmissibilty between experiment and D-PDJ
simulation for baseplate-support structure assembly in base excitation set-up.
Contact parameter used : λ= 4000, PN1 = 2, β0 = 1.6, χr = 2, P locm = 10.
The uniform large contact pressure leads to shifting of the location of the maximum dis-
sipation away from regions near the bolt center (having very high pressure) to regions
far away from bolt centre (having very low pressure). Optimized value of P locm = 10 is
used, which means that the maximum contact damping occurs at a pressure equal to 0.1
times the mean of the contact pressure over interface. The material properties and con-
tact parameters used for the two sub-assembly units will be directly used in the following
section to model the complete assembly of assembled prototype structure II.
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6.2.2 Harmonic Analysis - Prototype Structure II
The study on part assemblies provided the required material and contact parameters for
the complete assembled prototype structure II, such that the dynamical effects are mod-
elled by assimilating the effects from material and contact modelling. The experimental
set-up and the assembled model for simulation are shown in figure 6.9. The electrody-
namic shaker is used to excite at the bottom of the support structure with a sine-sweep
profile of constant amplitude of 1 m/s2 in frequency range of 100-2100 Hz.
(a) Experimental set-up
Measurement
point
(b) Simulation model
Figure 6.9: Prototype structure II set-up for the verification of dynamical be-
haviour under sine-sweep base excitation. A point on PCB plate is used for
comparison between experiment and D-PDJ simulation results.
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Figure 6.10: Comparison of experiment and D-PDJ simulation transmissibility
for sine sweep excitation amplitude of 1 m/s2.
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Figure 6.10 shows the comparison between the experiment and simulation results for
the transmissibility frequency spectrum for a measurement point on the PCB plate. Very
good match between the experiment and D-PDJ model is obtained, especially until 1
kHz. The maximum deviation for both resonance frequency and amplitude of transmiss-
bility is observed near 1200 Hz. Leaving this particular deviation, all other resonance
conservatively show significantly good match. The desired signal frequency range for
sensors operations are conventionally under 1 kHz and hence, it is concluded for proto-
type structure modelled using D-PDJ model fulfils the required conditions to be used for
the industrial applications.
Summary
This chapter shows the capability of the proposed D-PDJ model in predicting the vibra-
tional behaviour of large models. Two prototypes of Electronic Control Units were used
- Engine ECU and Airbag ECU. The first prototype structure concentrates on study of
a system having large contact area while the second prototype describes a system hav-
ing the assembly of different materials. Both the prototype models show good match
between the simulation and experimental results. It is observed that not only the accu-
racy of the results but even the computational time is enhanced with use of the D-PDJ
model in comparison to conventional techniques used in commercial software. Hence,
D-PDJ model can be used in early and successive stages of designing industrial products,
with considerable accuracy in predicting dynamical behaviour and simultaneously being
computationally efficient in comparison to conventional numerical models.

Chapter 7
Conclusion and Outlook
Built-up structures use various joints to assemble different parts, which induce the lo-
cal non-linearities at the joints. The local non-linearities have influence on the global
dynamical characteristics - resonance frequency and amplitude of vibration. The dy-
namical modelling and design of structure requires better predictions for the influence
of local non-linearities on global dynamical behaviour. Although the increasing compu-
tational capabilities and developments in numerical models have brought in significant
advantages, emphasis is still required to have models applicable for large and complex
structures with improved computational time efficiency. The proposed model in this the-
sis encounters these requirements with quantitative experimental validations.
Conclusion
Numerical implementation of non-linear contact laws is conventionally done in time do-
main representation, which gives good approximate solutions for non-liner behaviour.
But the time domain representation is not feasible for large and complex structures due
to large computational time and difficulties in numerical convergence. Alternate ap-
proaches of frequency domain representation based on the family of Harmonic Balance
Method (HBM) improves computational time but their implementation has broadly been
restricted to narrow band periodic excitations. Thus, required is a model which not only
captures the non-linear effects but also posses the qualities of ease in implementation,
computational efficiency and is feasible for large systems under broad band excitations.
The new modelling approach is based on the modelling of contact interfaces as the com-
bination of many peak to peak asperity contact spots. The equivalent contact stiffness
and damping - varying at each local point defines a non-homogeneous description while
preserving the linear definition at local level. This enables the global system to capture
the non-linear behaviour based on non-homogeneity, while the local linear definition
retains the advantageous of linear system. The model is divided into two phases- quasi-
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static loading step for non-linear normal contact definition and dynamic loading step to
characterize equivalent contact stiffness and damping.
To model the non-linear behaviour of normal contacts, an exponential-pressure penetra-
tion law based on the modified Greenwood and Williamson model is used. Modification
relates to the division of regions into non-linear and linear based on saturation pressure
limit, to enable convergence for large loadings. The two important parameters used in
the formulation are- the curvature parameter governing the non-linear exponential be-
haviour and the saturation pressure governing the switching of non-linear behaviour to
linear behaviour. The contact interface is discretized using discrete 3D Kelvin-Voigt ele-
ments. The equivalent normal contact stiffness is calculated as the gradient of the contact
pressure. The tangential contact stiffness is calculated by scaling the normal contact stiff-
ness with a coupling factor. The coupling factor is dependent on the composite shear and
elastic modulus of materials in contact.
The equivalent contact damping definition is based on numerical investigation to study
the dissipation profile at contact interfaces. Modified Dahl friction model is used to obtain
the dissipation profile over contact interface of a beam fasten with a bolted joint. The
important conclusions drawn from numerical investigations are:
• the dissipation is maximum in-between the regions experiencing high pressure
(stick region) and low pressure (slip region) , i.e in the icro-slip region
• the shape of the dissipation curve over contact interface length can be approxi-
mated using statistical distribution functions, and
• the position of maximum dissipation shifts with variations in bolting loads or exci-
tation amplitudes.
The dissipation profile motivates the use of a Rayleigh distribution function to define
the damping distribution at the interface. The parameters used in this formulation are
- damping location parameter governing the position of maximum dissipation and the
scaling parameter governing the magnitudes of dissipation. The model now possessing
both the definition of the local contact stiffness and damping, is referred as Damped Pres-
sure Dependent Joint (D-PDJ) model. Quantitative experimental validations are required
to study the influencing factors and test the D-PDJ’s model capability in predicting the
dynamical behaviour.
The base test structure used is a double layered stainless-steel beam fastened with 4 M6
bolts. The parametric study is performed for three influencing factors - effect of bolting
torque, effect of excitation and effect of coupling pair. The bolting torques influences the
contact pressure distribution, the excitation amplitude influences the relative displace-
ment and the coupling pair influences of the coupling between normal and tangential
tractions. The effect of bolting torques is studied with variation in bolting torques of 1
Nm, 3 Nm and 5 Nm, defining the system to be non-linear, moderate non-linear and slight
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non-linear respectively. The important findings are - with increase in bolting torques the
modal frequency increases and the modal damping decreases. However, these observa-
tions are associated to only out of plane modes while the in-plane modes do not show
any influence due to bolting loads. This concludes that the effect of contact local non-
linearity influences only certain modes of vibration and not all global modes of vibration.
The optimized contact parameters used for the 3 Nm and 5 Nm cases are almost similar
than the ones used for 1 Nm case. The D-PDJ model showed good match for 3 Nm and 5
Nm than 1 Nm bolting torques. Thus concluding that the proposed model is suitable for
the moderate non-linear systems than highly non-linear systems. The effect of excitation
amplitude for varying Force controlled PSD (FPSD) inputs from electro-dynamic shaker
is validated for 3 Nm bolting torque. It is observed here, that with increase in the exci-
tation amplitudes, the resonance frequency decreases while the damping ratio increases.
The D-PDJ showed good comparisons with experimental results and confirms the appli-
cability of proposed D-PDJ model for cases of random excitation. The effect of coupling
pair is investigated by fastening a copper-prepreg-copper plate between the two beams
of base test structure. The EMA results comparison with D-PDJ model is performed with
use of same contact parameters for all three cases of bolting loads (1 Nm, 3 Nm and 5
Nm). A good match between experiment and simulation results for all cases is obtained,
with the moderate non-linear systems (3 Nm and 5 Nm) having better accuracy than the
non-linear system (1 Nm). Bolting torque of 1 Nm for M6 bolts is not applicable for prac-
tical purposes, as this does not provide sufficient tightening under dynamic excitation.
Further on, the laminate beam test structure showed good match between experimen-
tal and simulation results for force controlled PSD excitations too. All above validations
with base test structure concludes that the D-PDJ predicts the system behaviour with
good accuracy for the systems possessing moderate non-linearity and can be also be used
to predict results for the systems excited with random inputs.
The prototype structures are used to verify the proposed D-PDJ model’s capability to
capture the dynamical behaviour of large and complex structures like ECU’s. The first
prototype was examined for resembling an Engine ECU having large contact area with lo-
calized pressure distribution neat bolt regions. The EMA results when compared to D-PDJ
model showed very good results till 2 kHz, with the results of the modal damping highly
appreciable. The result’s accuracy and computational time efficiency have proved to be
significantly better than the commercial software results. The second prototype structure
verifies the use of model having combination of material and contact non-linearities for
prototype structure resembling Airbag ECU. The result when compared for the transmis-
sibility plot showed good match between the base excited structure in experiments to the
D-PDJ simulation.
Hence, D-PDJ model can be used in early and successive stages of designing industrial
products, with considerable accuracy in predicting dynamical behaviour and simultane-
ously being computationally efficient in comparison to conventional numerical models.
Although the investigations are done for structures having bolted joints, the D-PDJ model
can be used for other joints too wherein considerable contact pressure distribution exists.
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Outlook
The present D-PDJ model has been developed for modal-superposition analysis, which
can be further extended to full transient domain analysis for cases involving shock and
drop tests. This will also extend the scope of redefining the formulations of contact
stiffness and damping with inclusion of time varying excitation amplitudes. To achieve
stability for large relative displacements in transient simulation, a hybrid discretization
can be used by switching from point-to-point coupling definition to surface-to-surface
coupling. A possible solution can be use of zero-thickness elements.
There exists the vibration modes, which are influenced through material non-linearity or
through contact non-linearity or through combined material-contact non-linearities. The
other extension that can be included is a detailed material modelling of the ortho-tropic
materials with orientation and directional based damping definition in conjecture with
the contact damping. The complexity will be increased while depicting the dynamical
behaviour of system under superimposed temperature loading for such systems.
The experimental investigations need to be more comprehensive in estimation of the
local and global non-linearities. An experimental set-up needs to be designed such that
the varying dissipation profile over contact interface can be visualized with change in
operational parameters like contact pressure, excitation amplitude, coupling material
and temperature. The stress relaxation for long durations of loading can be measured
experimentally and corresponding effects can be incorporated in simulations.
Appendix A
Rod - 1D Element
Me =

2Mr Mr
Mr 2Mr

K e =

Kr −Kr
−Kr Kr

(A.1)
wherein, Mr =
ρAele
6
and Kr =
EAe
le
. Hereρ,E, Ae and le are the density, Young’s modulus,
area of cross-section and length of the element respectively.
Euler Beam - 3D Element
Me =

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and Kb =
EIe
l3e
, with Ie is the area moment of inertia.
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Solid hexa - 3D Element
Iso-paramteric shape functions
N (e)1 =
1
8
(1−ξ1)(1−ξ2)(1−ξ3) N (e)2 = 18(1+ξ1)(1−ξ2)(1−ξ3) (A.4)
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1
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(1+ξ1)(1+ξ2)(1−ξ3) N (e)4 = 18(1−ξ1)(1+ξ2)(1−ξ3)
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1
8
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8
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(e)
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8
(1−ξ!)(1+ξ2)(1+ξ3)
where, ξ1,ξ2 and ξ3 are the iso-parametric co-ordinates defined in limits [-1,1].
Me =
∫
Ω(e)
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K e =
∫
Ω(e)
BT CB∂Ω (A.6)
where,
B=

∂
∂ x
0 0
0
∂
∂ y
0
0 0
∂
∂ y
∂
∂ y
∂
∂ x
0
0
∂
∂ z
∂
∂ y
∂
∂ z
0
∂
∂ x

N 0 00 N 0
0 0 N
=

N x 0 0
0 N y 0
0 0 Nz
N y N x 0
0 Nz N y
Nz 0 N x
 (A.7)
such that
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129
Contact dissipation - 3D Solid beam
(a) 3D solid beam with bolted joint. (b) Dahl brush element at contact interface.
Figure A.1: Set-up of a bolted end 3D solid continuum beam model having
contact with a rigid surface, wherein the contact interface is modelled using
modified Dahl formulation. Harmonic excitation is applied at opposite end of
bolted joint.
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(b) Contact pressure over beam length.
Figure A.2: Different positions chosen over beam length based on the contact
pressure distribution over beam length.
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(a) Tangential force vs. relative displacement for
various points at the contact interface
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Figure A.3: Hysteresis shapes at the different local nodal points of the contact
interface (left). The normalized dissipation loss due to contacts over the length
of beam (right).
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Contact dissipation - Double layered rod
Figure A.4: Double layered rod structure set-up with fixed ends. The harmonic
excitations applied in opposite directions for each rod at the free end.
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Figure A.5: The hysteresis loss over the interface length for 1 N, 10 N and
100 N of excitation amplitudes (left). Hysteresis shapes at the different local
points of the contact interface (right).
Appendix B
Mode Shapes - Double layered beam test Structure (1Nm)
(a) Mode 1 -
Experiment: 362 Hz / 0.3 %
D-PDJ: 360 Hz / 0.3 %
(b) Mode 2 -
Experiment: 405 Hz / 0.04 %
D-PDJ: 403 Hz / 0.06 %
(c) Mode 3 -
Experiment: 827 Hz / 0.4 %
D-PDJ: 824 Hz / 0.4 %
(d) Mode 4 -
Experiment: 1106 Hz / 0.03 %
D-PDJ: 1102 Hz / 0.04 %
(e) Mode 5 -
Experiment: 1560 Hz / 0.7 %
D-PDJ: 1540 Hz / 0.6 %
(f) Mode 6 -
Experiment: 1740 Hz / 0.1 %
D-PDJ: 1773 Hz / 0.15 %
(g) Mode 7 -
Experiment: 1980 Hz / 0.3 %
D-PDJ: 2026 Hz / 0.3 %
(h) Mode 8 -
Experiment: 2145 Hz / 0.03 %
D-PDJ: 2136 Hz / 0.04 %
(i) Mode 9 -
Experiment: 2820 Hz / 0.3 %
D-PDJ: 2909 Hz / 0.2 %
Figure B.1: Mode shapes of double layered beam test structure fastened with
1Nm bolting torques. It is important to see that in-plane modes having less
damping in comparison to out-of-plane modes.
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Mode Shapes - Prototype Structure of Airbag ECU
(a) Mode 1 -
Experiment: 321 Hz
D-PDJ: 319 Hz
(b) Mode 2 -
Experiment: 534 Hz
D-PDJ: 544 Hz
(c) Mode 3 -
Experiment: 813 Hz
D-PDJ: 799 Hz
(d) Mode 4 -
Experiment: 1030 Hz
D-PDJ: 1018 Hz
(e) Mode 5 -
Experiment: 1190 Hz
D-PDJ: 1232 Hz
(f) Mode 6 -
Experiment: 1349 Hz
D-PDJ: 1347 Hz
(g) Mode 7 -
Experiment: 1517 Hz
D-PDJ: 1517 Hz
(h) Mode 8 -
Experiment: 1768 Hz
D-PDJ: 1733 Hz
(i) Mode 9 -
Experiment: 2000 Hz
D-PDJ: 2007 Hz
Figure B.2: Mode shapes from modal analysis of Airbag ECU prototype test
structure until 2 kHz. Till 1 kHz exists primary modes of PCB plate and after
1 kHz coupled modes exists.
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